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Abstract

An Abelian group or module is said to have the involution property if every endomorphism is the sum of two automorphisms,
one of which is an involution. We investigate this property for completely decomposable torsion-free Abelian groups and modules
over the ring of p-adic integers.
© 2005 Elsevier B.V. All rights reserved.

MSC: 20K30; 16A65

0. Introduction

The circumstances under which the automorphism group of an Abelian group or module additively generates the
full endomorphism ring has long been of interest to algebraists [8]. Of more specific interest has been the determination
for a given module, M, of the least positive integer n (if such exists), such that every endomorphism of M is a sum of
exactly n automorphisms of M this n is called the unit sum number of M, usn(M): where no such n exists, we say
usn(M) = w if every endomorphism of M is a sum of a finite number of automorphisms and usn(M) = oo if not.
There is a considerable body of literature on this topic including [2,9,11-13,15,18-20].

In 1954 Zelinsky showed for a vector space V over a field F' that usn(V) = 2 unless V is one-dimensional and
F is the field of two elements, in which case usn(V) = w: see [24]. In 1985 the first author [11] considered unit
sum numbers for reduced torsion-free modules over a complete discrete valuation ring. This approach was further
developed and formalized by Goldsmith, Pabst and Scott in [13]. Recently the second author has shown that for a
large class of rings R, including PIDs, a free R-module M of any rank greater than 2 has usn(M) = 2 — see [19,
20]. Surprisingly, certain rational groups have been shown to have a finife unit sum number greater than 2 (see [12]
and [18]).

It is, however, possible in certain circumstances to obtain stronger results: an Abelian group, or more generally an
R-module M, is said to have the involution property if every endomorphism of M can be expressed as the sum of two
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automorphisms, one of which is an involution; this concept has been investigated in [18]. The involution property is
closely related to a property first introduced by Nicholson [21] in connection with exchange rings: a ring E is said
to be clean if every element can be expressed as the sum of a unit and an idempotent. The notion can be extended
to modules in a natural way: an R-module M is said to be clean if its endomorphism ring Endg (M) is clean. A
significant, and rather surprising result in this area is O Searc6id’s theorem [23]: every vector space over a field is
clean. There is an extensive and growing literature on this topic including [1,21,22] and [23].

The present work focuses on two broad areas: an investigation of completely decomposable Abelian groups and
consideration of modules over the ring of p-adic integers. In this final section we shall show that a free p-adic module
of infinite rank does not have the involution property (and is not clean, thereby answering a query of Nicholson) but
that modules with the involution property exist in such abundance that there is no hope of classifying them.

All groups other than automorphism groups are assumed to be Abelian and our terminology and notation are
standard and may be found in [6,7,16]; an exception is that we write maps on the right. Throughout the paper all
rings will be associative unital rings. The set of rational primes is denoted by P and where there is no danger of
misinterpretation we refer to rational primes as primes.

1. Preliminaries

In this section we derive some elementary properties of modules with the involution property and make precise the
connection with clean modules. Throughout this section the ring R is arbitrary, not necessarily commutative.

Proposition 1.1. If G is an R-module which has the involution property, then 2 is an automorphism of G.

Proof. Let 1 be the identity in Endg(G) so that 1 = « 4 v, where , v € Aut(G) and v> = 1. Then pre-multiplying
by v and substituting for v in the resulting equation we get 0 = (1 4 v)a. However, since « € Aut(G) this forces
v=-—landsoa =2. O

Now we can state clearly the connection between the involution property and the property of being clean.

Proposition 1.2. Let G be an R-module. Then:

(1) if G has the involution property then G is clean;
(i) if G is clean, then G has the involution property if and only if 2 is an automorphism of G.

Proof. If G has the involution property then 2 is an automorphism of G by Proposition 1.1. Then for any ¢ €
Endg(G), we have 2¢ — 1 = o + v, where @, v € Aut(G) and v> = 1. Therefore, ¢ = 27 o + 271 (v + 1).
Clearly, 2~ '« is an automorphism of G and a straightforward calculation shows that 27! (v 4 1) is an idempotent.
This proves (i).

The proof of (ii) is similarly direct: if G is clean and 2 is a unit then, for any endomorphism ¢, we have
271(¢p + 1) = u + e where u is an automorphism and e is an idempotent. Then since ¢ = 2u + (2¢ — 1), it is
clear that ¢ is a sum of two automorphisms of M, one of which is an involution. The converse follows immediately
from the previous proposition. [

If aring R has the involution property, it is easy to see that a free R-module of finite rank also has the property.

Proposition 1.3. Suppose that R is a ring with the involution property; then, for each positive integer n, the free
R-module of rank n has the same property.

Proof. Note firstly that the endomorphism ring may be identified as the ring of n x n matrices over the opposite ring
R°P. Since it is clear that a ring R has the involution property if and only if its opposite ring, R°P, has it, it will suffice
to consider matrices over R itself. Our proof is by induction on n. In fact we show somewhat more: every n x n matrix
is the sum of a diagonal involution and a unit. If n = 1, the result is true by hypothesis. Suppose now the result is true
for n and consider a matrix of size (n + 1) x (n + 1): say,

v=(e9)
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where Aisn xn, Bisn x 1, Cis 1 x n and d € R. By the induction hypothesis, A = D + U where D is a diagonal
involution and U is a unit.
Now CU'Be R =uq, say. Then d — o« = v 4 ¢, where v is a unit and ¢ is an involution. So we may write

U B D 0
M:(C v+oe>+<0 t)'

Clearly the second term is a diagonal involution, so it remains to show that the first term is a unit. If

I 0 vl —ulBy!
P_<—CU_1 1) and Q‘( 0 p! )

then P, Q are both invertible. Moreover a straightforward check shows that

o= (3 )

and hence M is a unit as required. [

Our next result is well known and its proof is elementary.

Lemma 1.4. Let M be an R-module where 2 € Aut(M). If v is any involutary automorphism of M and 1)y denotes
the identity in Endg (M), then M = Ker(1y — v) & Ker(1py + v).

Proof. Let m € ker(1y — v) N ker(1y + v). Since m(1y; — v) = 0, we have m = mv. Therefore m(1y + v) =
m + mv = 2m. Since m € ker(1,; + v), it follows that m = 0. Therefore ker(1,; — v) Nker(1); +v) = 0.

Now let x be an arbitrary element of M. If x(1py — v) # Othen (x —xv)(1py +v) = x —xv+xv—x = 0.
Therefore, x — xv € ker(1y + v). Similarly, if x(137 + v) # O then (x + xv)(1py —v) =x +xv —xv+x = 0. So
x+xv € ker(1y —v). Therefore we may write x in the form x = %((x—xv)+(x+xv)) where (x —xv) € ker(17+v)
and (x +xv) e ker(lpy —v). O

Recall that an R-module M may have unit sum number 2 even when R itself does not have this property — the
free Abelian group of rank 2 provides a simple example. This cannot, however, happen with the stronger involution

property.
Theorem 1.5. Let R be a ring; then a free R-module has the involution property only if R has the property.

Proof. Suppose that M is a free R-module and assume for a contradiction that Endg (M) has the involution property
but R does not.

Observe firstly that 2 is a unit of R; otherwise 2 is not an automorphism of M, contrary to Proposition 1.1. We
show that for any A € R either A 4+ 1 or A — 1 is a unit.

Now, Aly € Endg(M) and so A1y = o + v for some o, v € Aut(M) and v an involution. By Lemma 1.4, we
may write M = Ker(1y + v) @ Ker(1y — v) = M @ M>, say; note that one of M, M, is non-zero. But then «
acts diagonally on M as multiplication by A + 1 on M| and A — 1 on M>. Since « is an automorphism this forces the
multiplications to be units and so at least one of > 4+ 1, A — 1 is a unit.

Now if r is an arbitrary element of R, we may writer = (r + 1) — l andr = (r — 1) + 1. Since both 1 and —1 are
involutions of R, it is possible to write r as the sum of a unit and an involution — a contradiction. [

We can immediately deduce:
Corollary 1.6. Let M be a free R-module of finite rank. Then M has the involution property if and only if R has.
2. Completely decomposable groups

In this section we consider the involution property for completely decomposable groups. We begin by recalling
some definitions and properties of rational groups.

Let G be a torsion-free Abelian group and g any element of G. For a prime p € P, the p-height of g in G, written
hy(g),isn e Nif g € p"G but g ¢ p"1G; we put hy(g) = oo if g € p"G for all n € N. If necessary, we write
hg( g) or h%(g) to indicate that we are considering the p-height of g within the group G.
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For G a torsion-free Abelian group and x an element of G, the characteristic of x in G, written xg(x), is the
sequence of p-heights of x for each p € P, i.e. xg(x) = (hg(x)),,dp.

Two characteristics (k) ,ep and (/) ,ep are said to be equivalent, written (kp) pep ~ (Ip) pep, if {p € P | kp # 1}
is finite and wherever k,, # [, then both &k, and [,, are finite. An equivalence class of characteristics with respect to
this relation is called a type. The type of x € G, written typeg (x), is the equivalence class of x (x) with respect to
this equivalence relation. A group G is said to be a rational group if G is torsion-free of rank 1 or, equivalently, G is a
subgroup of ; note that all elements of G must be of the same type so we define the type of G as type(G) = typeg (x)
for any x € G. It is well known that rational groups G and G’ are isomorphic if and only if type(G) = type(G') —
see [7, Theorem 85.1].

Next we describe the endomorphism rings of rational groups; for this purpose it is useful to introduce the following:

Definition 2.1. Let T = (k;) ,cp be a type. Then the reduced type of t is (/) ,cp Where [, = oo for each p € P with
kp = oo and where I, = 0 otherwise.

Lemma 2.2. Let G be any rational group. Then the endomorphism ring of G is the subring of Q containing 7 whose
type is the reduced type of G.

Proof. See [1, Theorem 1.5 (b)]. O

For any rational group G define Xg = {p € P | % ¢ Endz(G)}. In other words, X is the set of primes which
have finite entries in the type of G.

At this point we recall some definitions: a group is said to be a completely decomposable group if it is a direct
sum of rational groups and it is said to a homogeneous completely decomposable group if it is a direct sum of rational
groups each of the same type. The set of critical types, T.(G), of a completely decomposable group G is the set of
types of the rational groups which occur as summands in the decomposition of G into rational groups.

Decompositions of a completely decomposable group into direct sums of rational groups are unique up to
isomorphism — see [7, Proposition 86.1].

Notation 2.3. Let G be a completely decomposable group. Then, in the decomposition of G into rational groups,
given any t € T (G), we denote by G the direct sum of all rational groups of type t, i.e. the t-homogeneous
component of G. In this way we may write G = P, er () G asa decomposition of G into homogeneous summands
of distinct types.

Theorem 2.4. Let G = €D, ; Ri be a homogeneous completely decomposable group of arbitrary rank, where R; is
a rational group of type t for each i € 1. Let the reduced type of t be T and let R, = End(R;) be the subring of the
rational numbers Q, containing Z, of type t. Then, End(G) is ring isomorphic to End(R), the endomorphism ring of

R = @iel Ry.

Proof. By Lemma 2.2, it follows that Hom(R;, R;) = R, for each i, j € [I. Then, it is easily seen that

End(G) = End(R) since both are isomorphic to the ring of row-finite |/| x |/| matrices over R;. [
ring

Theorem 2.5. A rational group G has the involution property if and only if 2 is a unit in End(G) and | X¢g| < 1.

Proof. Let R = End(G) and note that the only elements of R which are involutions are 1 and —1.

Let % € R and |Xg| = 0. Then, by Lemma 2.2, R = Q which certainly has the property that every element is a
sum of a unit and an involution. Now let % € R and | X | = 1; in other words, let Xg = {q} for some g € P\ {2},
i.e. R = Z,) the localization of Z at g. Then let % be an arbitrary non-zero element of R with (a, b) = 1, so there
exist non-zero integers k, [ such that ka + (b = 1. Now k(Z—‘) + [ is an element of R and (k(%) +1)(b) = 1. Therefore
b is a unit of R.

Ifa =+bthen § =2 — 1 or —2+ 1 expresses 7 as a sum of a unit and an involution.

We now consider when a # £b. Recall that b is a unit, so ¢ 1 b and thus if ¢ | a + b theng { (a+b) —2b = a —D.
Similarly, if g | @ — b then g  a + b. In this way there are only two cases:

e If g t (a + b): thus a + b is a unit and we may write

% = # — % = “bib — 1, a sum of a unit and an involution.
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e If g 1 (a — b): then a — b is a unit and we may write
% = % + % = “;b -+ 1, a sum of a unit and an involution.

It remains to prove the other direction. By Proposition 1.1, R does not have the involution property unless % € R,
so we proceed with % € Rand |Xg| > l,ie. let{g,r} C Xr withg # r.

Choose any b € Z \ {0} such that b» = 2 mod g and b = —2 mod r. The Chinese Remainder Theorem — see
e.g. [14, II, Theorem 6.2] — guarantees the existence of many such b’s. Then % is not the sum of an involution and a
unit of R since: % —1= # is not a unit because ¢ divides (2 — b) and 1% +1= # is not a unit because r divides
2+b). O

Note that the only subrings of Q having the involution property are Q itself and the localization Z,) at a prime
p # 2. Before attempting to derive a corresponding result for certain completely decomposable groups, we note
the following general result. In fact it is easy to modify Proposition 1.3 to show that the direct sum of two modules
with the involution property again has the involution property, but we are unable to determine in general whether the
involution property is inherited by summands.

Lemma 2.6. Let G = A B be the direct sum of two arbitrary groups with Hom(A, B) = 0. Then G has the
involution property if and only if both A and B do.

Proof. Let ¢ be an arbitrary endomorphism of G written as ¢ = (ﬁ:;‘ ¢:,3> where ¢4 4 € End(A), ¢p g € End(B),
¢p.4 € Hom(B, A).

Direct calculation shows that ¢ is an automorphism of G if and only if ¢4 4 and ¢ 5, p are automorphisms of A and
B respectively; moreover ¢ is an involution if and only if ¢4 4 and ¢p p are involutary automorphisms of A and B
respectively.

Now assuming that A does not have the involution property, we may choose some ¢ € Hom(A, A) such that i is
not a sum of an automorphism and an involutary automorphism of A. Then any ¢ € End(G) with ¢4 4 = ¥ cannot
be a sum of two automorphisms, one of which is an involution. Conversely observe that since Hom(A, B) = 0, both
End(A) and End(B) are ring epimorphic images of End(G). However, it is immediate that the involution property is
preserved under such epimorphic images. O

Before we tackle the general problem of completely decomposable groups, let us consider the somewhat easier
problem of determining the homogeneous completely decomposable groups which have the involution property.

Proposition 2.7. Let G = @,.; G; be a reduced homogeneous completely decomposable group of type t. Then G
has the involution property if and only if the following hold:

(i) the first entry in the type T is 00O;
(i) the type T has exactly one finite entry;
(iii) the index set I is finite.

Proof. Note firstly that if Rg is the subring of Q with type 79 equal to the reduced type of t, then as noted in
Theorem 2.4, the endomorphism ring of G coincides with the endomorphism ring of the free Rp-module of rank |7|.
Suppose that G has the involution property. Then by Proposition 1.1, 2 is an automorphism of G and hence of G;.
Thus (i) follows. Since the free Rp-module has the involution property, it follows from Theorem 1.5 that Ry also has
it and hence tp has at most one finite entry. Since G is reduced, 7 has exactly one finite entry. However a type and its
reduced type always have the same number of finite entries, so (ii) now follows. Finally if 7 is an infinite set, then an
easy modification of Lemma 3.6 below — see also Remark 3.7 — leads to a contradiction and so (iii) holds.
Conversely, suppose that (i)—(iii) hold. In this situation G is just a finite direct sum of groups each of which has the
involution property by Theorem 2.5. It follows as in Proposition 1.3 that G has the involution property. [

Theorem 2.8. Let G = ®zeTcr(G) G be a reduced completely decomposable group, where G ;) denotes the t-
homogeneous component of G. Then G has the involution property if and only if each homogeneous component has
the involution property.
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Proof. Choose an arbitrary 1’ € T(G) andset A = @ .v G, B =Gy yand C = @ 2 G(y; note that
teTer(G) teTer(G)
G = (A & B) @& C. Now, since a homomorphism cannot map an element onto an element of lesser or incomparable

type, we know that Hom(A, B) = 0 = Hom((A @ B), C). It follows from two applications of Lemma 2.6 that B,
the #'-homogeneous component of G, has the involution property.

Conversely, suppose that each r-homogeneous component Gy of G has the involution property. Then, by
Proposition 2.7, each type in 7¢:(G) has exactly one finite entry and so any pair of types in 7¢,(G) is incomparable.
Hence the endomorphism ring, End(G), is simply the ring direct product of the corresponding endomorphism rings
End(G()) and so G has the involution property. [

Corollary 2.9. A completely decomposable group G has the involution property if and only if it has the form
G =QW g @pe]?’/ G, where « is an arbitrary cardinal, P’ C P and each G, is a finite direct sum of copies
of Z localized at the prime p # 2.

Proof. Since there are no non-trivial homomorphisms from a divisible group into a reduced group, it follows from
Lemma 2.6 that G has the involution property if and only if both its reduced and divisible components have the
property. The divisible part always has the involution property since it is just a vector space. So G has the involution
property if and only if its reduced component has and the result follows from Theorem 2.8 and our earlier observation
that a rank one group having exactly one finite entry in its type is just a localization of Z at the prime corresponding
to the finite entry. O

3. Complete modules

In this last section we provide some results which will be helpful in considering modules which are complete in
their p-adic topologies. The line of approach is similar to that used previously to investigate the n-sum property;
see [13]. For simplicity we shall consider torsion-free modules over the ring of p-adic integers, J,, only; there are
clear generalizations to complete discrete valuation rings.

Recall that the Jacobson Radical of a ring R, denoted as J (R), is the intersection of all the maximal right ideals or
all the maximal left ideals of R and that forany x € R, x € J(R) ifand only if forall y,z € R, 1 — zxy € U(R),
where U (R) denotes the group of units of R.

Our first result is the familiar fact that when a p-adic module is complete, the Jacobson radical of its endomorphism
algebra is easy to determine.

Lemma 3.1. Let M be a torsion-free complete p-adic module. Then J(End(M)) = pEnd(M) and End(M) is
complete in its J-adic topology.

Proof. See [17, Theorem 2.3]. O

Our next result is the familiar fact that involutions may “be lifted” when the ring is complete in its J-adic topology;
the proof is a simple modification of the standard result on lifting idempotents — see e.g. [5, Proposition 18.21].

Lemma 3.2. Let E be a ring such that E is complete in its J-adic topology and 2 is a unit in E. Let E = E/J(E).
Then for any . € E with u> = 1z, where 1 is the identity in E, there exists i € E such thati = p and i?=lg
where 1 is the identity in E.

With these preliminaries, it is easy to determine whether a ring R has the involution property by considering its
quotient R/J(R).

Theorem 3.3. Let E be a ring such that E is complete in its J-adic topology, with 2 a unit of E. If E/J(E) has the
involution property then E also has this property.

Proof. Take an arbitrary 6 € E. We are given (0 + pE) = (o + J(E)) + (B + J(E)) where (¢ + J(E)) is a unit
of E/J(E), and (B + J(E)) is an involution of E/J(E). By Lemma 3.2 there exists i, an involution in E, such that
i+ J(E)) = (B+ J(E)). Therefore we can write 0 = (a + y +1) for some y € J(E). Now we show that (« 4 y) is
aunitof E: (¢ + J(E)) = (@ +y)+ J(E)) is aunit of E/J(E). Therefore there exists ¢ € E such that (¢ + J(E))
is a right inverse of ((« + y) + J(E)).
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It follows that (¢ + y)¢ — 1g € J(E), where 1g is the identity in E and so, by the properties of the Jacobson
Radical, (¢ + py)¢ is aunitin E. Writing (o + y) (¢ ((@ + y)qb)’l) = 1 we see that (o + ) has a right inverse. A
similar argument shows that (o + y) also has a left inverse. Therefore (¢ 4+ y) isaunitin E. [

Lemma 3.4. Let M = @;_, Jpei be a reduced torsion-free p-adic module of non-trivial rank. Let M be the p-adic
completion of M. Then
End;, (M)/pEnd;, (M) = End,,(M)/pEnd;,(M) = Endz,z(M/pM).
ring ring

Proof. Seee.g. [13, Lemma 2.11]. O

It is now easy to derive our desired result that complete torsion-free p-adic modules (p # 2) have the involution
property.
Theorem 3.5. A torsion-free complete p-adic module has the involution property if and only if p #£ 2.

Proof. If p # 2 then, modulo its Jacobson radical, the endomorphism algebra of a complete p-adic module is
isomorphic to the endomorphism algebra of a vector space. The result then follows from O Searcéid’s result on
vector spaces, Proposition 1.2 and Theorem 3.3. The converse is immediate from Proposition 1.1. O

Although vector spaces of arbitrary dimension have the involution property, this property does not hold for free
Jp-modules.
Lemma 3.6. If the p-adic module G (p # 2) has a free direct summand of infinite rank, then G does not have the
involution property.

Proof. Suppose that G = B & H, where B = P
mapping ¢ : G — G by

i <w Jpei 1s a free Jp,-adic module of countable rank. Define a

e +peir1: x=e;
X = {x : x € H.
Note firstly that ¢ + 1 is not an automorphism of G: a straightforward calculation shows that e; is not in the
image of ¢ + 1. Suppose, for a contradiction, that ¢ can be expressed as ¢ = v + «, where v is an involution
and « is an automorphism of G. Then post-multiplication by 1 + v yields (¢ — 1)(1 + v) = a(1 + v) and so
G —-1DA+v) =Ga(l +v) = G +v). Hence G(1 +v) = G(¢ — 1)(1 +v) € pG. Butnow if g € G,
then g(1 + v)? = 2g(1 + v) € p>G and so, since p # 2, g(1 + v) € p>G. Continuing in this way one sees that
G(1+v) € p?G =0.Thus v = —1 and so ¢ + 1 is an automorphism — a contradiction. [

Remark 3.7. It is clear that the above argument may be generalized to modules over a much wider class of rings; in
particular, it is easy to see that an identical proof holds for proper subrings of the ring of rationals, Q.

Theorem 3.8. A free p-adic module (p # 2) has the involution property if and only if it is of finite rank.

Proof. Since p # 2, the ring J,, itself has the involution property and hence, by Proposition 1.3, the same is true of
any free module of finite rank. The converse follows immediately from Lemma 3.6 since a free module of infinite
rank has a summand which is free of countable rank. [J

Despite the failure of the involution property for free J,-modules of infinite rank, torsion-free J,-modules having
the involution property exist in abundance. We shall show below that a p-adic module G with endomorphism algebra
End;, (G) equal to the split extension of the ideal, Endo(G), of endomorphisms having finite rank images, by Jp,
has the involution property. In fact, such modules of arbitrarily large rank have been constructed previously by Dugas
et al. [3] and are easily constructed now with the help of so-called realization theorems based on the combinatorics of
Shelah’s Black Box — see e.g. [4]. The first author has also constructed “small” modules which can be shown to have
the involution property [10]; interestingly these modules are of corank one in their p-adic completion. The existence
in such abundance of modules with the involution property suggests that no reasonable classification of J,-modules
with the property exists.
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Proposition 3.9. If G is a torsion-free J,-module (p # 2) withEnd;,(G) = J,@®Endo(G), then every endomorphism
of G is the sum of a unit and an involution.

Proof. Let v be an arbitrary endomorphism of G having finite rank image. Thus the image of G under  is free and
so G splits as G = K| @ F; where K| is the kernel of i and F} is free of finite rank. If § = F| 4+ Fiy then S
is finitely generated and so is again free of finite rank. Hence K; N S can be embedded in a finite rank summand N
of Kj;5ay G = K ® N @& F| = K @ F. Thus K is a summand of Ker i and F is free of finite rank. Moreover
F C F;this follows since if x € F thenxy = (n + f1)¥ = fiy, wheren; € N, f1 € F.But fiy = k1 + f» with
ki€ Ky, fope Flandsok; = fivy — b€ KiNSC N.Hencexy = fiv =k + e N+ F =F.

Now consider an arbitrary endomorphism ¢ of G; this has the form ¢ = r + 1/, where r € J, and ¥ has an
image of finite rank. Since F is free of finite rank and r + i [ F is an endomorphism of F, it is possible to write, by
Proposition 1.3, r + ¢ [ F = v 4+ o where v is an involution and « is an automorphism of F. Moreover, the p-adic
integer r can be expressed, since p # 2,asr = s + ¢ where s € {1, —1} and ¢ is a unit.

Now define endomorphisms y, § of G = K @ F as follows:

ky = sk, fyv=fv and ké = tk, fé= foa.

Clearly y is an involution and § is a unit. Moreover, the sum y + 8§ = r + v = ¢ since K C Ker 1. This completes
the proof. O
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