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Abstract

Geophysical waves are waves that are found naturally in the Earth’s atmosphere
and oceans. Internal waves, that act as an interface between fluids of different
density are examples of geophysical waves. The system set-up will incorporate a
model with a flat bottom, flat surface and internal wave. The system has a depth-
dependent current which mimics a typical ocean set-up and, as it is based on the
surface of the rotating Earth, includes Coriolis forces. Using well established fluid
dynamic techniques, the total energy is calculated and used to determine the dy-
namics of the system using a procedure called the Hamiltonian approach. By tuning
a system variable several special cases such as irrotational or current-free are easily
recovered. An approximate model utilising a small amplitude, long-wave regime,
the so called Intermediate Long Wave (ILW) model is then derived using pertur-
bation expansion techniques. Solutions are obtained that model waves that move
without change of form called solitary waves. These waves can be referred to as
solitons when their particle-like behaviour is considered. The Coriolis effect on the
internal wave propagation is also examined following the idea of “nearly” Hamilto-
nian approach, developed in series of papers like [14, 15, 20, 48] and generalising the
Hamiltonian approach of Zakharov [88]. The presented models have applications for
climatologists, meteorologists, oceanographers, marine engineers, marine biologists

and applied mathematicians.
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Chapter 1

INTRODUCTION

1.1 Outline of Thesis

The thesis contains six main chapters as follows:

1. Introduction to the subject of internal geophysical waves and ocean currents.

2. Preliminaries where we introduce the fundamentals of fluid mechanics, the
system set up, general assumptions, velocity potential and stream function,
Euler’s equation and the Bernoulli condition, the kinematic boundary condi-

tion.

3. Hamiltonian Formulation - the Hamiltonian is defined and derived for the
system of 2 layers with an internal wave at the interface. The Dirichlet-
Neumann operator is introduced and using functional calculus, the variation

of the Hamiltonian leads to the equations of motion.

4. The Intermediate Long Wave Equation (ILWE) is derived as an approx-
imate model including the additional complications of current and vorticity,
which is novel. Comparisons are also made with the regimes of other approx-

imations, e.g. KdV and BO.



5. Internal Waves with Coriolis Force The Coriolis effect on internal wave
propagation away from the equator is examined. A new Intermediate Long
Wave (ILW) type equation is derived, extending the equation from Chapter 4,

in the irrotational, current free case.

6. Future Work and Open Questions

The first problem examined by this thesis concerns the Intermediate Long Wave
Equation (ILWE). This approximation leads to an integrable model and the sig-
nificance is that the model can be solved with the methods of Soliton Theory, for
example, using the inverse scattering method.

This is a new development, since the parameters characterising the current are
included in the model for this propagation regime. The published article, [34], on
the ILW equation in the presence of currents has been independently cited by several
articles, where a range of related topics are discussed.

The long-wave KdV and BO regimes have been studied previously by Ivanov and
Compelli and my work has involved the ILW regime with current and vorticity
included. The following papers may be regarded as complimentary, covering all
regimes of geophysical relevance: [15, 16, 34]

The second problem is about the inclusion of the Coriolis force effects for internal
waves, away from the equator. Analysis and results have been published: refer to
[35] for details.

The novelty in this case is in the use of a modification of the Hamiltonian approach

for systems with Coriolis force. Two regimes are considered:

1. Long waves, leading to a nonintegrable equation of mKdV type, also known

as the Ostrovsky equation;

2. Intermediate long waves, leading to a nonintegrable model of ILWE type,

which is new.



Although non-integrable, the obtained models can be treated within the theory of
soliton perturbations, or by numerical methods, developed for the mKdV and ILWE
equations, which is an important advantage. The results of the second published
article will be used in the forthcoming works of Prof. Rossen Ivanov and co-authors,
about internal waves interacting with surface waves under the influence of the Cori-

olis force.

1.2 Geophysical Waves

Geophysical Fluid Dynamics (GFD) deals mainly with the dynamics of the oceans
and atmosphere on a giant rotating sphere, the Earth. On small scales GFD is
classical fluid dynamics. The Rossby number is commonly used in geophysical phe-
nomena in the oceans and atmosphere, where it characterizes the importance of
Coriolis accelerations arising from planetary rotation. The Rossby number is a fun-
damental dimensionless number in Geophysical Fluid Dynamics and is defined as

[79]:

= ar
where € is the angular frequency of the Earth’s rotation and U and L are the chosen
velocity and length scales respectively. A small Rossby number signifies a system
strongly affected by Coriolis forces, and a large Rossby number signifies a system in
which inertial and centrifugal forces dominate. The term geophysical waves refers
to waves that are found naturally in the Earth’s atmosphere and oceans. They
may also be observed in lakes and fjords. In oceanic systems the Rossby number
is typically of the order of unity. Surface and internal waves, as shown in Figure
1.1, are examples of geophysical waves found in the oceans. They are wind driven
with typical speeds in excess of 10 m/s. Average surface wave height is 4 m in

the Equatorial Pacific, but extreme wave heights approaching nearly 20 metres (ex-



cluding rogue waves) have been observed. Internal waves, propagating beneath the
surface, have characteristic speed 0.1 m/s, average wavelength of the order of several
kilometers and average height of 20 m in the equatorial pacific. Internal waves are
disturbances which act along an interface between fluid bodies which have different
densities. This stratification of the ocean is at its most prevalent in a band of about

2° latitude from the Equator.

surface waves
internal waves '

Cabed

Figure 1.1: Ocean Profile

The ocean dynamics is deeply affected by waves - on the surface as well as internal
waves, which represent the motion of the interface (thermocline/pycnocline). The
wave motion in oceans however usually takes place in the presence of currents with
shear and therefore nonzero vorticity and this important aspect needs to be included
in the models. For example, the field provides evidence for a spectacular wave
phenomenon, recently discovered in the South China Sea: tide-generated internal
waves with amplitudes in excess of 100 m, extending over 100 km [82]. The internal
energy produced by the tides is essential in generating these waves.

The Hamiltonian formulation of the problem of internal waves between two bodies of
immiscible fluid with free surface and interface without currents and vorticities
has been a focus for many studies for a long time, however a particularly convenient
setting for a Hamiltonian approach based on the Dirichlet-Neumann operators has

been put forward by Craig and co-authors, for example [31]. From the Hamiltonian



formulation, a perturbation theory for the long wave limits has been developed.

The Hamiltonian approach is central to the modelling of internal waves in the pres-
ence of current. It originates from Zakharov’s paper [88] for irrotational surface
waves over infinitely deep water. The Hamiltonian formalism is often utilised in the

study of nonlinear waves in continuous media, see for example the review article [89].

1.3 Ocean Flow - Currents

Currents are steady mean flows of ocean water in a prevailing direction. There are

three main categories of ocean currents:

e near-surface wind-driven currents (with typical speed 0.1 m/s, confined to the

upper 100-200 m ocean region)

e a deeper thermohaline circulation, driven by the differences in the Ocean’s
density, which is related to temperature (thermo) and salinity (haline), with

typical speeds of 0.01 m/s

e tidal flows, caused by gravitational attraction of the Moon (the lunar tide)

and the Sun (the solar tide) and the gravitational force of the Earth

Nonlinear waves in the oceans often propagate in the presence of currents which
significantly affect their dynamics. In the oceans, currents very often exist as un-
dercurrents. The Equatorial Undercurrent (EUC) flows in a region that is roughly
within 200 - 300 km (below 3° latitude) of the Equator, it is symmetric about the
Equator and extends nearly across the whole length (more than 12000 km) of the
Pacific Ocean basin [46]. With speeds in excess of 1 m/s, the EUC is one of the

fastest permanent currents in the world.
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Figure 1.2: Ocean Currents (image credit: NOAA)

The equatorial region in the Pacific is characterised by a thin shallow layer of warm
and less dense water over a much deeper layer of cold denser water. The two layers
are separated by a sharp thermocline (where the temperature gradient has a maxi-
mum, it is very close to the pycnocline, where the pressure gradient has a maximum)
at a depth, depending on the location, but usually at 100 — 200 m beneath the sur-
face. Both layers are to a big extent homogeneous and their sharp boundary is the
thermocline/pycnocline.

The flow has nearly two-dimensional character, with small meridional variations,
being combinations of longitudinal non-uniform currents and waves, and presenting
a significant fluid stratification that results in a pycnocline/thermocline separating
two internal layers of practically constant density (see [54]). While at depths in
excess of about 240 m there is, essentially, an abyssal layer of still water, the ocean
dynamics near the surface is quite complex. In this region the wave motion typically
comprises surface gravity waves with amplitudes of 1-2 m and oscillations with an
amplitude of 10-20 m at the thermocline (of mean depth between 50 m and 150 m).

These waves interact with the underlying currents. The vanishing of the Coriolis



parameter at the Equator distinguishes the dynamics of the equatorial zone from
the ocean dynamics at higher latitudes. The strong stratification confines the wind-
driven currents to a shallow near-surface region, less than 200m deep. In the Atlantic
and Pacific, the westward trade winds induce a westward surface flow at speeds of
25-75 cm/s, while a jet-like current — the Equatorial Undercurrent (EUC) — flows
below it toward the East (counter to the surface current), attaining speeds of more
than 1 m/s at a depth of nearly 100 m.

The choice of a piecewise linear current captures the primary structure of the equa-
torial current system (see Fig. 1.3). The above setting applies not only to equatorial
flows, being typical for the evolution of large amplitude oscillations of an interface
between two internal fluid layers, and its coupling with the motion of an overlying

free surface, in the presence of wind-generated currents.
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Figure 1.3: A typical wind-induced current (curve in black) in a two-layered fluid
with a flat bed, and its inviscid approximation — a current with piecewise constant
vorticity (red line). The wind drives a return flow, initiated at some sub-surface
depth and extending beneath the pycnocline.

Complexity is added to the study of the oceans by the consideration of vorticity.
Vorticity effectively means that particles in the fluid experience local rotation as
they move and therefore systems where vorticity is considered are called ‘rotational’.

Often vorticity is neglected, in which cases the system is said to be considered as



being ‘irrotational’.

Two oceanic systems are presented in this thesis: both consisting of two layers
with a flat surface and flat bottom separated by an internal wave. As the systems
are present on the Earth’s rotatin surface Coriolis forces will be considered. These
forces exist as the Earth is, essentially, a rotating solid spherical body. The Coriolis
effect is examined for the internal wave propagation following the idea of a “nearly”
Hamiltonian approach, developed in series of research papers like [14, 15, 20, 48]
and generalising the Hamiltonian approach of Zakharov [88].

The dynamics of geophysical waves will be analysed using the Hamiltonian formu-
lation. This is achieved by calculating the total energy of the system (the ‘Hamil-
tonian’) in terms of two variables (the ‘conjugate’ variables) and then determining
how the Hamiltonian varies as they vary.

This requires using fundamental concepts from fluid dynamics such as mass and
momentum conservation, determination of pressure and the analysis of boundary
conditions.

Approximations can also be calculated rather than using exact representations. This
technique, known as perturbation, scales the sytem variables, allowing for grouping
of different orders (that is constant, linear and nonlinear terms) which can be trun-
cated at different desired levels. Approximations are useful to many groups outside
of applied mathematics, such as oceanography and marine engineering, and readily
facilitate computational modelling. The first step is nondimensionalisation meaning
that the variables are transformed from physical variables which have dimensions,
such as metres and seconds, to dimensionless variables. This is achieved by scaling
the variables against constants which have significance to the system, such as the
system depth, the wave amplitude and the (assumed constant) acceleration due to
gravity. Using these techniques numerous models can be developed in the form of
nonlinear PDEs (partial differential equations). Solutions to these PDEs can be

obtained by solving them analytically or numerically. For instance the ILW (Inter-



mediate Long Wave) equation is an equation with nonlinear and dispersive (variation
of wave speed with wavelength) components which, by balancing these terms, can
be used to model ‘solitary waves’ which are waves that retain their shape as they
propagate. The particle-like manner in which they behave is reflected in the use of

the term ‘soliton’ to describe them [8, 65].



Chapter 2

PRELIMINARIES

2.1 Introduction

The Hamiltonian approach is a formulation which can play an important role in the
modelling of internal waves in the presence of current. It originates from Zakharov’s
paper [88] for irrotational surface waves over infinitely deep water. The Hamiltonian
formalism is often utilised in the study of nonlinear waves in continuous media, see

for example the review article [89].

2.1.1 Wave Characteristics

When describing travelling waves some important characteristics such as wavelength:
the distance between repeating features such as crests (or troughs), denoted by A,
and amplitude: the maximum deviation of the wave height from the mean water
level, denoted by a, are highlighted in Figure 2.1. The wave propagates so that every
period T' it completes one cycle. In the figure the solid line represents the wave at
some initial time ¢ = 0, the dashed line represents the wave at a later time ¢. The

frequency, f is the inverse of the period and therefore f = % The wave speed is

10



Figure 2.1: Wave Characteristics

given by
A
c f T

By introducing the wave number £ and the angular frequency w as
2
k= Tﬂ and w =27 f

the wave speed can be written as
w
c=—.
k
The propagation of waves in the x-direction can be described by the function

n(z,t) = asin (kz — wt)

where 7 is the height of the wave which is often called the ‘wave elevation function’.
Solitary waves, unlike the periodic ones, are waves whose profiles decay rapidly to

zero away from the maximum. A typical example is the sech? profile:

n(x,t) = asech®(x — ct). (2.1.1)

11



Figure 2.2 shows a solitary wave of amplitude a = 0.5 at time ¢t = —10.

0359

044

03

014

Figure 2.2: Solitary wave propagation
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2.1.2 Fundamentals of Fluid Mechanics

The following important principles of fluid mechanics are now considered: conser-
vation of mass and conservation of momentum. Conservation of mass is the funda-
mental assumption that matter (mass) is neither created nor destroyed anywhere in
the fluid system. This requires an additional assumption that there are no energy
releasing processes in the system, for example breaking-waves, that is waves that
become turbulent. By examining the changes in mass for some arbitrary fixed vol-
ume the equation of mass conservation (or continuity equation) can be established
as [52]

pr+ V.- (pu) =0

where p(x1, 22, x3,t) is the density, ¢t means the partial derivative with respect to
time (noting that the use of subscript notation for partial derivatives will be used
throughout the thesis),

V = (01,05, 03)

(called ‘nabla’ or the ‘del’” operator) is a differential operator and the gradient.
The operation V- is called the ‘divergence’ which is defined for some vector a =

(ala ag, a‘3) as

V-a:= (31, 0a, (93),(a1, a2, G3) =a1,1+ ag2 +ass

and

u= (u17u27u3)

is the velocity field, with respective z1, x5 and x3 components equal to u;, us and
us.

The continuity equation is usually expanded as

pe+p(V-u)+(u-V)p=0

13



and the ‘material’ or 'convective’ derivative is introduced -

D
Ft—at—i-ll'v.

This differs from the ’usual’ Eulerian derivative in that it considers the flow of
particular particles in the fluid as opposed to considering the changing matter that

passes through a fixed region. The continuity equation can therefore be written as

Dp
E‘FP(V'U)—O

‘Incompressibility’ refers to the local resistance of a fluid to changes in density for
particles travelling with the flow, that is for material volumes. For an incompress-
ible fluid this therefore means that the material derivative of p is zero and it can
be established that for incompressible fluids, constant density is equivalent to the

velocity having zero divergence-free, that is

V-u=0

One of the fundamental laws of classical mechanics, Newton’s second law, is an
expression of the conservation of momentum. It states that the forces acting on an
inertial body (a body with mass) are proportional to the acceleration departed to
the body. Analogously, for a continuum, the material derivative of the velocity is
related to the sum of all the forces (internal and external) acting on the continuum

by
Du

1
- _ _ZVYP 2
D1 pV +g+vV-u

where P is the total pressure, g is the acceleration due to Earth’s gravity, that is

g = (0,0, —g) and v is the kinematic viscosity. Viscosity is a quantity related to the

14



frictional forces between fluid molecules. This equation is called the Navier-Stokes
equation. For inviscid systems, that is systems with zero viscosity, ¥ = 0 and the
equation is written as

Du

1
— =—-VP
Dt p T8

and is called Euler’s equation.

Fluids with vorticity, that is rotational, means that there is local rotation of particles
in the fluid. This can be present in a spinning fluid. It can also be present for shear
flows where there is some linear dependency between depth and flow speed which

can result in particles rotating. The vorticity = is defined by
v =V Xxu

where the operation Vx is called the ‘curl’ which is defined for some vector a =

(alu az, a‘3) as

i j k a3z — 423
Vxa:=|09 0y 03 |= |az1— a3
a; az as G271 — A12

where i, j and k are the orthogonal unit vectors for the x, y and z axes respectively.

For two-dimensional flows, u = (u,0,v) = (u1,0,u3) and the vorticity is therefore

i j k
Vxu=culu=|9 0 85 |=(0,—=jlus1 —u3),0)

U10U3

So 7, the vorticity for 2-dim flows is defined as

V= Uy — Vg (2.1.2)

15



2.1.3 General assumptions

The following section outlines some of the general assumptions made for the model
set up.

Consideration of the inclusion of the effects of surface tension in the models is a
matter of determining the domination of either gravitational effects or capillary
waves (waves due to surface tension, often referred to as ‘ripples’ for distinction).

For wavelengths with a critical wavelength A. given by [64]

T
Ae =21y | —,
pPY

where T is surface tension, effectively the two processes are equal.

For water T'~ 0.074 N m™, p &~ 1000 kgm =2 and (for Earth) g ~ 9.8 m s~2 and so

0.074
Loy 7y
Ae ™ 2m\ [ 1000 % 08 — LTAem

and therefore, as wavelengths for oceanic waves are generally substantially greater
then 1.74 centimetres surface tension will be neglected (cf. [20, 27]) and as such
gravity waves, not capillary waves, will be considered.

As the system is present on the surface of a rotating solid body (the Earth) Coriolis
forces will be considered. These forces manifest themselves as a tendency for bodies
accelerating eastward along a latitude in the northern hemisphere to tend to the
right. 1t is an effect of the earth’s rotation and is an apparent deflection of the path
of an object that moves within a rotating coordinate system. The object does not
actually deviate from its path, but it appears to do so because of the motion of the
coordinate system.

The fluids under study will be considered to be inviscid by the assumption [52] that
all time scales and length scales attributable to viscous movement are long compared

to the period of the wave and the wavelength.

16



All flow is considered to be two-dimensional in the x — y plane as shown in Figure
2.3, meaning there is no lateral (z-direction in this setup) movement, and so the
velocity is described by u = (u,0,v). This is representative of many observed flows.
The waves propagate in the x-direction and for large absolute values of z, they
attenuate and vanish at infinity and hence are described by functions which belong
to the Schwartz class: S(R). These are functions which rapidly decrease.

YA
y:h1

A YN
S VaAvaAVAL Ve
Q

y=-h

Figure 2.3: 2-Media Water Wave System
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2.2 Model for Internal Equatorial Waves

2.2.1 System Set Up

The internal wave along the equator is modelled by two layers of water in two
dimensions, and so meridional (latidudinal) motion is neglected. The layers are
separated by a free common interface, the thermocline/pycnocline, as per Figure

2.4. The two fluid domains are

Q={(r,y) eR*: —h <y <n(z,t)}
(2.2.1)

O ={(x,y) e R?:y(x,t) <y < hi}

The system is bounded at the bottom by an impermeable flatbed at a constant depth
h and is considered as being bounded on the surface at a height h; by an assumption
of absence of surface motion, that is a rigid lid approximation. Typically h; is of
the order of hundreds of metres and h the order of kilometres.

The functions and parameters associated with the upper layer will be marked with
subscript 1. Also, subscript ¢ (implying common interface) will be used to denote
evaluation on the internal wave. Propagation of the internal wave is assumed to be
in the positive x-direction which is considered to be ’eastward’. The direction of the
gravity force is in the negative y-axis.

The wave amplitude is described by a and the wave is characterised by the elevation
function n(x,t). In other words fluid particles at the interface (or on the wave) have

a y-component described by

y =mn(x,t). (2.2.2)

The mean of 7 is assumed to be zero, that is [, n(z,t)dz = 0. Note: It is sufficient
that [, n(z,t)dz = p < oo, because the mean value involves division of the length
of the corresponding interval, which in this case is fR dx = oo.

The fluids are incompressible with constant densities p and p; for the fluid domains
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Q and €2y respectively. The fluids have different densities due to different salinity
levels or temperatures, with stable stratification given by the immiscibility condition

p > p1. Figure 2.4 illustrates the system set up.

hl surface

£

n(x,t) internal wave

-h flatbed
VA A N A A A B N A N A A B A A

Figure 2.4: System set up. The function n(zx, t) describes the elevation of the internal
wave.

The system is assumed to be on the surface of the Earth, that is on a rotating
solid body and so Coriolis forces per unit mass in each fluid domain will be taken
into consideration - refer to Appendix A for details of Coriolis and Centripetal force
terms that will be included in the governing equations. Perturbations of the fluids
are acted upon by the restorative action of gravity. The Earth’s centre of gravity
is in the negative y-direction with regard to the chosen co-ordinate system. Both

fluids are considered to be inviscid, that is having zero viscosity.
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2.2.2 The Stream Function and Velocity Potential

u(z,y,t) = (u,v) and uy(x,y,t) = (uy,v;) are the velocity fields of the lower €2 and

upper €); media respectively and velocity potentials ¢ and ¢, are introduced such

that:
.
U= @z +7Y
vV =y
{ (2.2.3)
Uy = P12z T 7MY
V1 = P1y
\
where v = —v, +u, and v; = —v;, + u;, are the constant vorticities.

The Laplacian, A, of the respective velocity potentials is given by

Ap; =V - (V) =V -uy.

However, for incompressible fluids the velocity vectors have zero divergence, that is

V-u=V-u; =0 and so

Ap=Ap; =0 (2.2.4)

meaning ¢ and ¢; are harmonic functions.
The stream functions, ¥ (z,y,t) and ¢ (z,y,t) are related to the velocity fields u =

(u,v) and uy = (uy,v1) as follows

u= w% v= _¢x7 Uy = 7bl,y and vy = _'le,:r;- (225)

A depth dependent current is considered, such as the Equatorial Undercurrent de-

scribed in Section 1.2. The current as shown in Figure 2.5 is approximately linear.
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This set up allows for a realistic representation of the stratification that exists in
the oceans [29] adjacent to the internal wave. The current profiles for © and €2 are

given by

Uly) =y +r (2.2.6)

and Uly) = my + K1 (2.2.7)

Figure 2.5: Depth Dependent Current Profile

Note: In Figure 2.5, the jump in the tangential speed is allowed since there is no
viscosity. The situation without such a jump is modelled by taking x = k.
The velocity fields can now be written in the following form, representing the piece-

wise linear current profile:
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u=o, +yy+rK

V=3
! ! (2.2.8)

U = Q1z + 7Y + K1

U1 = @1y

where k and k; are the time-independent currents at y = 0 and the 'wave-only’
components have been separated out by introducing a tilde notation.

It is assumed that the functions n(x,t), ¢(x,y,t) and @i(x,y,t) belong to the
Schwartz Class S(R) with respect to x, for any y and t. This means that they
are smooth, rapidly decreasing functions and implies that for large absolute values
of z, the internal wave attenuates. Therefore

lim n(z,t) = lim @(z,y,t) = lim @i(x,y,t) =0 (2.2.9)

noting that an implication of this assumption is that

lim ¢(x,n,t) = | llim Yy (x,m,t) =0. (2.2.10)
x|—0o0

|z|—o00

The following normal vectors will be used: (n)., (n),, (n;). and (n;);, which are the

outward normal vectors as shown in Figure 2.6,
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'lr( n)o
Figure 2.6: System normal vectors

where the subscript notation ¢, b and ¢ refer to values at the (common) interface,

bottom and top respectively. The outward normal vectors are given by
(m)e = (=72, 1) and (n), = (0, 1) (2.2.11)

for Q and

(n1)e = (2, —1) and (n1); = (0,1) (2.2.12)

for €.

2.3 Governing equations

The governing equations consist of both dynamic and kinematic boundary condi-
tions. The dynamic condition is an interface condition and so recalling (2.2.8), the

stream functions and velocity potentials adjacent to the internal wave are defined
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as

U= Py + Y+ K =1y

PSS (2.3.1)

Uy = Pra +NY + KL= Y1y

v = S/El,y = _wl,x

There is an interdependency between ¢ and @ and between 1y and @ (¢f. [52])

given by the complex potentials

f(z) = s?5+i<1/1— %vyz —ffy),

- 1
and fi(z) =1 + Z<¢1 - 571.@2 - H1y>

where z = x + 1y.

The functions f(z) and fi(z) are analytical by construction. This can be checked
by the Cauchy-Riemann relations. This reflects the fact that the fluid motion on
the interface allows an analytic extension in the bulk of the fluid (in terms of ()
for example) and thus all physical quantities in the fluid volume can be recovered.

The Laplacians of ¢ and ¢; are given by

A{51 = V . (V@l) = Ul’z + vl,y:

and Ap =V - (V@) =u, +v,.

Due to the assumption of incompressibility V- u; = V- u = 0 (see Section 2.1.2)

and therefore
AG = AJ =0 (2.3.2)

which are expressions of Laplace’s equation and so ¢; and ¢ are harmonic functions.

24



The Laplacians of 1, and v are given by

Awl =V- (le) = U,y — Via, (233)

and AYp =V - (VY) = uy — v,. (2.3.4)

Recalling (2.1.2) and using (2.2.5) it follows that the Laplacians of ¢ and 1, are

equal to the respective vorticities, that is

Awl = ¢1,ra¢ + wl,yy =M, (235)

and AY = gy + 1y = 7. (2.3.6)

Note that ¢); and v are not harmonic for non-zero vorticities but are for the irrota-

tional case, that is by setting v; = v = 0.

2.3.1 Euler’s Equation and the Bernoulli Condition

Analogous to Newton’s second law for rigid solid bodies, the acceleration of a fluid
element can be related to the net forces per unit mass acting on it for an observer in
an inertial frame of reference. It can therefore be shown that, for the fluid domains

21 and (2, the velocity vectors u; and u are related to the net forces per unit mass

as [52]

1
u; + (u.V)u, = _p_vpl + g, (2.3.7)
1

1
and w+(u-Viju= —EVP +g. (2.3.8)
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where g = (0,0, —g) is the Earth’s acceleration due to gravity and

Py = p1gy + p1 + Pagm (2.3.9)

and P = pgy +p + Patm (2.3.10)

are the total pressures given as respective static, dynamic and constant atmospheric
pressure terms, p; and p (due to the assumption of incompressibility) are the con-
stant respective densities and ¢ is the acceleration due to gravity. The static term
is due to external ‘body’ forces, that is gravity, and the dynamic term is due to
internal ‘local’ forces, that is due to the fluid motion. The system is situated on the
surface of Earth, that is in a rotational frame of reference, using the procedure in
[39, 74] (which is reproduced in Appendix A) the following Euler equations will be

used to establish the Bernoulli condition:

1
u;+ (. V)u +2Q xu +Q x (2 xr)=——VP, +g, (2.3.11)
P1

1
and wH+(u-Vu+2Q2xu+Q2x(Q2xr)=—-—-VP+g (2.3.12)
p

where € is the Earth’s angular velocity, r is a position vector and g = (0,0, —g) is
the Earth acceleration, that is g is the magnitude of the acceleration due to gravity.
2Q x u; and 2€2 x u are the Coriolis acceleration terms and € x (2 X r) is the

centripetal acceleration. Using (2.2.8) the following substitutions can be made

Pre + MY+ K1 - Oe+7Yy + K -

ULt = _ = V((th) and u; = _ = V(Spt)
Spl,y SDy
t t
and
5 yxr - w T y x €T

(u;.V)u; = YLy Lt and (u-V)u = Vb = Yty

—%,y%,m + ¢1,xw1,1y —%%x + %?/ny
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Now using (2.3.5) and (2.3.6)

77Z)1,:vac =M — ¢1,yya lﬁm =7 - ¢yy and 77Z}1,yy =N — 1/11,33357 ¢yy =7 ¢xao

giving

(ul.V)ul = (V¢1V)V¢1 - ’Vlvwl.

and (u-V)u= (Vo.V)Vp — V.
Using the vector identities -

(V1. 9)Vr = 9 (51V02).

and (Ve.V)Vy = V(%IWF)

it follows that

(ul.V)ul = V<%|V¢1|2> - ’71V77Z)1, (2313)

(u-V)u = V(%]V¢]2> v (2.3.14)

Recalling the definitions of total pressure in each layer from (2.3.9) and (2.3.10)

gives, for the lower medium (2,

P = pighi — pgy + 0 + Patm-

that is the static pressure due to the column of fluid in the upper medium plus the
column of fluid above the position in the lower medium plus the dynamic pressure

plus the atmospheric pressure. For the upper medium 2;, the total pressure is

Py = p1g(h1 — y) + p1 + Patm
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that is the pressure due to the column of fluid above the position in the upper

medium plus the dynamic pressure plus the atmospheric pressure. This gives

1 1
——VP, =—-Vgy — —Vpy, (2.3.15)
P1 P1

1 1
—;VP = —Vgy — ;Vp. (2.3.16)

The Coriolis acceleration terms can be written for the two-dimensional flows under

consideration as [74]

v
WXy =2 | | = 2wV, (2.3.17)
v
and 2Q X u = 2w = 2wV (2.3.18)
—U

where w is the Earth’s rotational speed. The centripetal acceleration term €2 x (€2xr)
is directed towards the Earth’s axis of rotation and is therefore conservative and can
be incorporated into the potentials V(gy) in (2.3.15) and (2.3.16). Euler’s equation

can now be expressed in terms of gradients as

V(1) + V(5IT6P) = Vi) — 20 = ~lgw) - -V,

and V(o) + V<%|V¢|2> = V(i) — 2wV = =V(gy) — %Vp

and so the gradient of the dynamic pressures are given as

~ 1
Vb1 = =1V (Bre + 5V = (1 + 20)4 + gy), (2.3.19)

- 1
and Vp=—pV (got + ilva — (v + 2w+ gy). (2.3.20)
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This means that

1
et I VOil® = (0 + 2w + gy + % = a(t) (2.3.21)
1
1
and Bet VUl = (7 + 2w+ gy + g = B(1) (2.3.22)

for some arbitrary functions of time «(t) and (). At the interface, where y = 7,
the dynamic pressures p and p; are equal, therefore using (2.3.21) and (2.3.22) this

gives

N 1
pra(t) — pr ((sol,t)c + §|w112 — (714 2w)x1 + gn>

= p8(0) ~ p((Be + IV~ (1 4+ 2)x + gm) (2329

noting the use of the subscript ¢ to signify evaluation at the common interface and

introducing

X1 = iz, m, t), (2.3.24)

and X = ¥(x,n,t) (2.3.25)

as the interface stream functions. From the assumptions in Section 2.2, as the
absolute value of x goes to infinity then the terms in the large brackets in (2.3.23)
go to zero giving

pra(t) = pB(t) (2.3.26)

therefore giving the Bernoulli condition

~ 1
pr((Brode + 519912 = (1 + 2w)xa + gm)

~ 1
= P((@t)c + 5|le3 — (y+2w)x + gn). (2.3.27)
The interface is defined as the region having a vertical displacement equal to the
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surface function, that is y —n = 0. The kinematic boundary condition on the
interface is equivalent to saying that a particle on the interface will stay on the
interface [36]. In other words the Lagrangian (or Convective) derivative of the

interface function gives

(y=—mi+w.V(y—n)=Hy-—ni+u-V(y—n) =0.

Noting the independence of z,y and t under the Eulerian framework, and the inde-
pendence of n(z,t) and y, this therefore gives the kinematic boundary condition at
the interface as

N = V1 — Uity =V — UN;. (2.3.28)

This can be expressed in terms of the stream functions, using (2.2.5), as

Ny = _(¢1,x>c - <w1,y>cnz = _(wm)c - (wy>cnm> (2329)
and in terms of the velocity potentials, using (2.2.8), as
e = (Pry)e — ((Pra)e + 7+ K1) = (By)e — (Pa)e + 0+ #) 10 (2:3.30)

The kinematic boundary condition at the bottom, requiring that there is no velocity

component in the y-direction on the flatbed, is given by
(@(, —h,t))y =0 and (¢(z,—h,t)) =0 (2.3.31)

and, additionally, there is a kinematic boundary condition at the top, requiring that

there is no velocity component in the y-direction on the surface, given by

(@12, hn, 1)), =0 and (¥i(z, ), =0. (2.3.32)
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Chapter 3

HAMILTONIAN
FORMULATION

3.1 Definition of the Hamiltonian

The Hamiltonian, H, of a single medium system with a domain defined by {(z,y) €
R?: a < y < b} with density p and velocity field u=(u, v) is a functional representing

the total energy given by
H=T+U (3.1.1)
where T is the kinetic energy given by

1 b
T = Ep// (u? + v?)dydx, (3.1.2)
R a

and U is the potential energy given by

b
U:pg// y dydx (3.1.3)

R
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with g the acceleration due to gravity.

3.2 The Hamiltonian of the 2-Media System

The Hamiltonian for the 2-media system as depicted in Figure 3.1 is given as the

sum of the kinetic and potential energies by the functional H as

1
H(n,u,u) 2p /u + v?)dydx + pl//ul—i-vl)dydx

Zh
n

g//ydydx+plg//ydydx+/hod:v (3.2.1)
“h

where f is a constant Hamiltonian density (with zero variations), compensating for
any constant terms that arise in the other integrals, so that the overall Hamiltonian

density is a function from the Schwartz class S(R).

0,

o JANIVA VAN
VARV,
Q

y=-h

Figure 3.1: 2-Media Water Wave System

Recalling the definitions of ¢ and ¢; in (2.2.8), the Hamiltonian can be expanded

and expressed in terms of the dependent variables n(z,t), @(x,t) and ¢ (z,t) as
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n h1
- 1 ~ 1 ~
H.550 =50 [ [198Pdyao+ o0 [ [ (95 Pdyds
R —

1

h R 7
n h1 n
+py / / ypLdydx + p1m / / Y1, dyd + pk / / Podydr + p1Ky / / O1 zdydx
—h R n —h R

R R n

Ui hy
1 1
+ 50/ /(vy + ) dydz + 5 py //(%y + 1) 2dyda
R —h R 7

7 hy
"‘PQ//ydydﬂU-i-mg//ydydx—l—/bodx. (3.2.2)
R —h R 7 R

3.3 The Hamiltonian using Dirichlet-Neumann op-
erators

The Dirichlet-Neumann (DN) operator is introduced to enable the Hamiltonian to
be expressed in terms of wave quantities only. The DN operator is a mapfrom a
boundary type condition called the ‘Dirichlet condition’ to a derivative type condi-
tion called the ‘Neumann condition’ for a PDE. For a fluid domain bounded below
by a flatbed, and with a free surface, the Dirichlet-Neumann operator, denoted by
G(n), is the normal derivative of the velocity potential at the surface. Adapting this
to the two-media system under study, the Dirichlet-Neumann operators G(n) and

G1(n) are defined as [33, 62]

G()¢ = (Pn)e/1 + 12 (3.3.1)
and G (77)¢1 = (&nl)c\/m7 (332)

where n and n; are the unit outward normal vectors to the corresponding domains,

©n and @y, are the normal derivatives in each domain, with n = —n; and /1 + (1,)?
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is a normalisation factor and

¢ = 95(95» 77(337 t)> t)

and ¢1 = p1(x,n(x,t),1)

have been introduced as the interface velocity potentials.

The Dirichlet-Neumann operator can also be defined as [31]

G = (V)e.(n)e/1+ 12
and Gi1(n)d1 = (Vr)e.(m1)e/1 + n2.

Recalling (n). from (2.2.11) means that, for €,
Gn)é = (Ve)e- (=12, 1),

and similar for €2;, so

G(W)¢ = _nx(gzm)c + ((ﬁy)c

and G1(n)o1 = Ne(Pr2)e — (‘Zl,y)c-

Recalling the first and second terms of the Hamiltonian given by (3.2.2)

n h1
1 _ 1 -
o / / VEPdydr + / / V1 Pdyda
“h

R R n

with the following identity for some vector field A and some scalar field ¢

V- (PA) = A.VO+ OV - A,
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(3.3.5)
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(3.3.7)

(3.3.8)
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it can be written that

((Vo)p) = [Vel? + (Ap)yp

\Y%
V- ((Ver)er) = [V + (Api )

and

However, Ay and Ay, are zero as per (2.3.2) and so

Vo> =V - (Vo)) (3.3.10)

and Vi = V- (Ver)er). (3.3.11)

Using the divergence theorem the following integral for the 2 domain can be ex-

pressed using outward normals as shown in Figure 2.6 as

R/ / 5)dyds

:/( 6).(n \/de+/( @) ()p/1 + (n,)2dz, (3.3.12)

R

recalling from (2.2.11) that
(n)e = (=7, 1) and (n), = (0, —1).
From (2.3.31) (¢,), = 0 and therefore
(V@) (n)y = (#4,0).(0, =1) = 0

giving
n

/ V- (V3P dy = ((VF)ed)-(n)er/T T (122

—h
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Comparing this to the expression given for the Dirichlet-Neumann operator in (3.3.5)

G(n)¢ = Vo.(n)er/1+ (1)

the first term of the Hamiltonian can be represented in terms of n and ¢ as

n
1 - 1
30 | [ vaPayde = 5p [ oGmods (3313)
R —h R
and similarly for £,
Lo 1
§P1//|V@1|2d9d$: §Pl/¢1G1(77)¢1d$ (3.3.14)
R 7 R

so the first 2 terms of (3.2.2) can be expressed in terms of Dirichlet-Neumann oper-

ators as
1 / 1 g
30 [ [vetavde+ o0 [ [ 195 Pdyas
R —h R 7

1 1
= §p/¢G(n)¢dx+ §p1/¢16’1(77)¢1dg:. (3.3.15)
R R
Using the kinematic boundary conditions from (2.3.30)

G0 = —12(Pa)e + (Py)e = 0 + (Y0 + KN

and Gl(”)¢1 = 77x(§51,a:)c - (@1,y)c = —n— (mn+ /‘61)771

giving

G(n)o + Gi(n)¢1 = p (3.3.16)
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where the function p has been introduced as
(@) = ((v =)0+ (k = #1)) e (3.3.17)

The term p¢ — p1¢; is defined as per [4, 5] as
§(z,1) == pd — proh (3.3.18)

SO

(pG1(n) + mG(n) ¢ = G1(N)E + prpt

and (0GL(n) + PG () é1 = =G ()€ + pp
Introducing the operator B [31] as
B = pGi(n) + mG(n) (3.3.19)

the potentials ¢ and ¢; can be written as

¢ =B H(Gi(n)&+ p1p) (3.3.20)

and ¢ =B (= Gn)&+ pp). (3.3.21)

Recalling (3.3.15), G'1(n)¢1 is replaced using (3.3.16) and also using (3.3.18) means

1 1 1 1
o [ 0G)edr + sp1 [ ¢1Gi(n)grdr = 5 | EG(n)ddx + Sp1 | ¢rpda.
st o o= e o f

R
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Using the expression (3.3.20) for ¢ gives

n hy
1 1
30 | [ 1VePduds+ p. / / Vi [Pdyd
R —h

/ EGNBGilmgde + 3o [ €GB uds
R

1

—51)1/(B_IG(U)é)deJr%pm/uB‘ludw- (3.3.22)

R R

The second and third terms on the right hand side cancel because the operators G
and B are self-adjoint (cf. [31], [32]) therefore the first two terms on the left hand

side of (3.2.2) can be written as

—p//IVsOI dydx + pl//IVsoll dydx

R

1
/ﬁG Gy ( )§dx+§pp1/uB_1udx. (3.3.23)

R
For a differentiable function F'(x,y) [20]
b(z) b(z)
< / de) = / F,dy — F[z,ala, + Fz,b]b,. (3.3.24)
a(z) T a(z)

The following corollary of (3.3.24) is introduced.

Corollary 1. Considering (3.53.24), and letting F' = yp, a = —h and b(x) = n(x),

the left-hand side is zero due to assumption (2.2.9) and therefore
n(z)

/ YPedy = —Pnns.

—h
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Similarly letting F' = ypy, a(x) =n(z) and b= hy

h1
/ YP1,2dy = G111,

n(z)

Terms three and four of (3.2.2) are rewritten using Corollary 1 as

n h1
P / / Yo dydx + p1m / / YP1edydr = — / (pyonme — pryirnms)de.
R —h R 7 R

Now, inserting the expressions for ¢ and ¢, from (3.3.20) and (3.3.21), and expanding

gives

n h1
Py / / yPzdydx + p1m / / yp1 L dyda
R —h R n

= /(—mB‘lGl(n)ﬁ — ppryB™ i — p BT G ()€ + ppin B~ p)ieda. (3.3.25)
R

Similarly terms five and six of (3.2.2) are rewritten using Corollary 1 as

n h1
pﬁ//%dydx+m/ﬁ//@1,zdydx = —/(pwnm — p1R1P1n;)de.
R —h R 7 R

Again using expressions for ¢ and ¢, from (3.3.20) and (3.3.21) and expanding gives

n h1
pr / / Gudydz + iy / / G1adyda
—h R n

R

= / (= prB7'Gi(n)§ — pprB ™ w— prra BT G(n)E + pprra B~ p)nedx. (3.3.26)
R

Combining terms (3.3.25) and (3.3.26), and using

((p1y — py)n + pr& — p1e) BT G(n)én, = 0
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and recalling the definitions of p (from (3.3.17)) and B (from (3.3.19)), the terms

are written as
/ (= poruB~ i+ pruB G ()€ = (yn + K)En, ) da. (3.3.27)
R

The remaining terms of (3.2.2) are rewritten as

Ui hi1
1 1
50/ /(’Vy + ) dydz + 5 py //(%y + k) dyda
R —h R 7
n hi
+09//ydydx+plg//ydydx
R

:6£/fyn+/£ ——/’ym—km d$—i— gp p1 /77 x. (3.3.28)
R R

Substituting (3.3.23), (3.3.27) and (3.3.28) into the expression for the Hamiltonian
given in (3.2.2) gives the Hamiltonian of the system in terms of the conjugate vari-

ables 17 and & as

/ €GB Gr(n)€do — Spm [ nB s - / (0 + K)En,da
R
+p1/uB‘lG(n)édwwLa/(vn+ﬁ)3dw—6p—%/(vm+m) dot J9(=p /n

R R R R

/[jodx (3.3.29)

In the special case v = 7, k1 = k and p = 0 the Hamiltonian acquires the form

/ £G(n)B~' G ()€ dr — / (0 + K)én, da

1
(yn + K)*dx + 2g(p p1 /772611' (3.3.30)

R R

40



thus recovering the Hamiltonian determined in [15]. When v, # v and k1 = k =0

then u = (v — 1 )nn, and the Hamiltonian becomes

HL) =y [ €GB G+ pl— ) [ meBGmed

R

%\ %\

1 _
- 5%(7 - %)2/%3 " de — v [ Emmy da
R
1 1
+ 507" = 1) /n3dw +59(0—p1) /n2dw (3.3.31)
R R

which, given the definition of B from (3.3.19), recovers the result in [14].
In the situation with k; = s which is physically realistic because the unperturbed
currents at the two layers have the same speed at the interface (that is absence of a

vortex sheet) and p = (v — v1)nn,, giving

2
R R

1 1
H(n,&) =5 /SG(n)B‘lGl(n)é dx — =pp1(y — 71)2/7777963‘1777790 dx

- /(Wl + k)Ene dx + p1(y — 1) /nanlG(n)é da

R R

2 _ 2 _ _
Il 6pwl/nsdx+g(p m)+ém pm)ﬁ/nzdx_ (3.3.32)

R R
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3.4 Equations of Motion

The dynamics of the system will be calculated using variational calculus. The term
‘dynamics’, refers to the calculation of the time-derivatives of the two conjugate
variables in terms of functional derivatives of the functional H. These will be referred
to as the ‘equations of motion’.

Recalling the Hamiltonian from (3.2.2) the variation in the first two terms is

n hi Ui
1 N 1 _ o
5150//|V90|2dydx+501//|V901|2dyd:6] Zp//(VsO)-Wsodyda:
—h n —h

R R R

+p1/7(V@1).V561dydx + %p/ V@126 dx — %pl / V@1 |26nde.  (3.4.1)
R 7 R R
Looking at ¢ and using the product rule
V- ((V$)6g) = V- (V§)og + (V).V(6)
but, due to the assumption of incompressibility (see (2.3.2)), Ay = 0 and hence
(VE).Vo5 = V- ((V9)55).
Similarly for ¢,
V- ((V@1)6@1) = V- (V1)@1 + (V$1).V(621)
and due to the assumption of incompressibility (see (2.3.2)), Ag; = 0 and hence

(V$1).Vog1 =V - ((V$1)ddn).
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Using the divergence theorem

/ V- ((VP)sp)dydz = / ((V$)6p).ndS (3.4.2)

and //V (Vo 5901)dydx —/ (Ver 5@1) n;ds, (3.4.3)
R

where n and n; are the outward normal vectors in the corresponding domains and
dS is an infinitesimal surface area.

Recalling (n). and (n), from (2.2.11) it follows that

// th 5@ dydx
R

Nxc —z N:c O
:/ “i) o)l | dx+/ (f)b 6ol .| | de

R (QOy)c 1 R (Qoy)b -1

and, recalling (n;). and (n;), from (2.2.12), it follows that

// ((V@1)0p1)dydx

~13: c x ~lx t 0
:/ 1z (0P1)e| - ! d$+/ (1) (0p1)e | - dz.
R (gl,y)c -1 R (Szl,y)t 1

Noting that the variations in the velocity potential at the flatbed and at the surface
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are zero, the variation in the first two terms of (3.2.2) can be written as

n hy
1 - 1 -
6[5,0 | vtz o | f |w1|2dydx]
“h

R R n

= p/ ((%)c - (9596)07733) (5@)cd$ — P~ / ((951,1/)0 - (951,1)07796) <5951)cdm

R R

1 - 1 -
w0 [ IVEESds = S [ IVE LSy dr. (.40
R R

Next, the variation in the third and fourth terms of (3.2.2) is

n h1
0 [pv / / YPzdydx + p1m / / y%,xdyd:v] = py / N(Pz)cOndz
—h R n R

R

R R

n h1
—pm/n(@“lvx)&ndw+m//y5<%)dydw+pm//y5(951,x)dydw-
—h R

n

Now, using Corollary 1 (p.38)

h1

n
pv//y5(@x)dyd$+Pl%//?/5(@1,x)dyd$
R ~h

R 7

=—py / s (6@)cdz + p11 / M (601).d,
R R

and hence

n h1
d lm / / yPedydr + p1m / / yfﬁl,mdydx] = py / (P )condx
R —h R 7 R

- / N(P1,0)condr — pry / MM (09)cdx + p171 / MM (0P1)cdx.  (3.4.5)
R R R
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The variation in the fifth and sixth terms of (3.2.2) is

n hy
6[pm [ [ #udvas ot [ [ @,xdydx] — o [ (@)ednda
R ~h R 7 R
n h1
~ s [@ralednda i [ [ 5@ dvdo+ s [ [ 6@y

R R —h R 7
Using Corollary 1 (p.38)

h1

n
e [ [o@auds+ pums [ [ 6(1uas
R —h R

n

— —p/{/nx((S@)CdI+p1l€1/7793(5¢1)cd177

R R
and hence
5[p/@//gp dyd:v—l—pml//gplzdyd ] :pli/ Oz )cOndz
R R

—Pml/(%x condx — ’f/ﬁz 590 dl"*‘ﬂl'ﬁ/??x(é@l)cdﬂﬁ (3-4-6)

R R R

The variations in the remaining terms of (3.2.2) are

r n hy
1 1 1 1
5 §p72//y2dydx+§plvf//y2dydx] = 5/)72/772577d:v— §p1712/7725nd:v,
- R —h R n R R
Ui hi
2 1 2 1 2
) —pfi dyd:c + p1 dydx | = ol ondx — SP1hL ondzx,
R n R R
_ n hi
0 p%//ydﬂwpmm//ydw+pg//ydx+mg//ydw]
L R —h R 7 R —h R 7
= p(g+w)/n5ndﬂc—p1(9+%m)/n5nd% (3.4.7)
R R
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plus some constants which will not contribute to the dynamics.

Using (3.4.4), (3.4.5), (3.4.6) and (3.4.7) the variation is

ot = [ (plZ)e =~ (B)e1) (63). = 11 (Bro)e — (Bra)ens) (650)
R
1 1 N _ _
+ §p\V¢|3577 - §p1!V901|3577 + p1(Pa)edn — pr1n(P1e)0n — Py (00)c
+ P11 (001) e + pE(D2) 0N — p1E1(P1,2)c0n — PN (0D)e + p1E17:(0P1)e
1 1 1 1
+ 5PV N N = SN N+ 5Pk N = S passion+ p(g+yK)non — pr (9+’ml)77577) d.
From the kinematic boundary conditions (2.3.30)
pie = p((By)e = (Pa)etne) — pymme — prng

and P11 = pr((Pry)e = (Pra)ene) — PLyNMNe — PLEAT

resulting in

_ ~ 1 ~ 1 ~

~ _ _ _ 1
+ p1(@2)edn — P11 (@1,2)e0n + pE(Pa)edn — p16a(P1e)e0n + §mz772577

1 1 1
- 5[)1712772577 + §pf<a25n — 5/)1%?577 + p(g +vE)non — pi(g + %m)%n) dx.

The variation of the velocity potential on the wave is given as [20]

(00)e = 6 — (&y)c0n (3.4.8)

and (001)c = 01 — (P1,y)c0n (3.4.9)
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and hence

_ R 1 1
6H = / ( — e(By)e + p1ne(Bry)e + §p|V90|3 — §p1|V301|3
R
B B B B 1
+ p(@a)e — PN Bra)e + pE(Pa)e — p161(Pra)e + 5/)72772
1 1 1
— —piin’ + spR° — pik; + p(g + )N — pr(g + Wél)n> ondz

2 2 2
+ p/ nopdr — py / noprder. (3.4.10)
R R
Fixing ¢ and ¢, therefore gives the variation with respect to n as

SH _ _ 1,1
e =p(@y)e + pn(ry)e + 5Pl VB = 5o VL

1

+ p1(Pa)e — PNN(Pre)e + PE(Pa)e — P11 (Pre)e + 5072772

1 1 1
- 5/01712772 + §pf€2 - §p1/€% + p(g+vc)n — p1(g + K1)y (3.4.11)

Recalling the definitions of ¢, @, 1¥; and ¢; from (2.2.8) it follows that

(V|2 = |VO12+ "0 + K2+ 2960 + 290(Pa)e + 26(P)e

and V|2 = V&2 +9in® + KT+ 271610 + 270(Pre)e + 261 (P10

hence

1. 1 ~ 1 1 -

S| VB + 57 + m(Ba)e = SIVYIE = 58° = yin = K(Ze)e

1. 1 _ 1 1 -
and §|V901|§ + §7f772 +11(P1e)e = §\V¢1|§ - 5“? — k1 — K1(Pre)e-
The variation with respect to n is therefore

0H

- ~ 1 1
rri —e(Py)e + P11 (Pry)e + §p|V¢!3 - §P1|V¢1|§ + (p = p)gn. (3.4.12)
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From the Bernoulli condition (2.3.27)

1 1
§pIWJ|§ — §p1|V¢1I3 +(p—p1)gn

= —p(@r)e + p1(Pra)e + p(v + 2w)x — p1(71 + 2w)x1  (3.4.13)

and the variation with respect to 7 is

0H

5y —=pne(By)e + P11 (Pry)e — p(P)e + pr(Pre)e + p(y + 2w)X — pr( + 2w) X1

Using (3.4.8), (3.4.9) and (3.3.18)

¢ = (Pt)e + (@y)cnt

and D1t = (P14)e + (Pry) e

and the variation with respect to n becomes

0H

Fr =&+ p(v 4+ 2w)x — pi(m + 2w)xa.

(3.4.14)

At the interface, using (2.2.5), the velocity components can respectively be defined

in terms of the stream functions for {2 and €2; as

(u)e = (¢y)c and (v)e = —(¥z)e

and (u1)e = (V1y)e and (v1)e = —(V1,2)e-

However, at any moment in time any arbitrary point (z,7) at the interface will be

moving at a distinct velocity which can be measured independent of knowing the

vorticities or velocity potentials, that is (u). = (u1). and (v). = (v1)., therefore

<wy)c = (wl,y)c and (wx)c = (¢1,x)c'
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This means that

(V)e = (V).

and so (¢). and (1), differ only by a constant. As potentials are modulo an additive
constant, using assumption (2.2.10), as the absolute value of x goes to infinity then

X, X1 g0 to zero. Therefore (). and (¢1). are equal, that is

X = X1,

and so it is a natural physical fact that there is no flow through the common interface.

The function

X =x=x (3.4.15)

is therefore defined. The constant terms p(y + 2w) — p1(71 + 2w) are defined via a

new constant I' where

[':=py — pim +2w(p — p1) (3.4.16)

which will be referred to as the ‘system constant’. The variation with respect to 7,

given by (3.4.14), is therefore

0H
—_— = — ry. 4.1
on &+ Iy (3.4.17)

Now recalling (3.4.10) and fixing 7,

0H |5p=0 = p/méqﬁdﬂc - p1 /m&bldfc.
R R

Recalling the definition of ¢ from (3.3.18), and noting that ¢ is additive,

08 = pdg — p1ohy
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and hence

OH
— 3.4.18
o€ Tt ( )
Equations (3.4.17) and (3.4.18) therefore give the non-canonical system
oH 0H
=—and §&=—— +TY 3.4.19
Mt 5 and & 5 +1x ( )

referred to as a nearly Hamiltonian system, due to the linearity of the x’ term [20].

By introducing u = &, the equations of motion (3.4.19) become

oH oH
Ny = — (E)x and u; = — (%)I + I'n;. (3420)

The x’ term may be written in terms of the conjugate variables via the following

lemma and corollary.

Lemma 1. The evaluation of the stream function at the interface, X', may be written

in terms of the wave elevation function, n, as:

T

X (z,t) = — / ne(2', t)dx'.

—00

Proof. On one hand, from (2.3.29),

N = _(wa:)c - (¢y>cnm = _(¢1,z)c - (¢1,y)cnx (3421)

but if ¢ is considered as being a parameter

d d d
—X’(%,t) = %Qﬁ(%ﬁ(%t),t) = %Qﬁl(%ﬁ(%t%t)

dx
= (Va)e + (V) ele = (V10)e + (Y1) e (3.4.22)

By comparing (3.4.21) and (3.4.22), and using the fundamental theorem of calculus
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for x € [—00, 400], it follows that

d
%X’(x,t) = —n (3.4.23)
and hence N
X' (z,t) = — / n(2', t)da’ (3.4.24)
thus proving the lemma. O]

Corollary 2. Using Lemma 1 and the equation for n, in (3.4.18) the evaluation of
the stream function at the interface, X', may be written in terms of the variational
derivative of the Hamiltonian, H, with respect to the evaluation of the velocity po-

tential at the interface, &, as:

xT

/ o 0H /
X (z,t) = — / 5£(x/)dx.

—00

The equations of motion in (3.4.19) may therefore be written, using Lemma 1, in

terms of n and £ only (as opposed to n, £ and x’) as the nearly Hamiltonian system

xT

oH 0H , ,
or, using Corollary 2 as
SH SH [ 6H
= — and & =—— —T dx’. 3.4.26
e T T T ) G ™ (3420

From the beginning, we assume
/n(a:,t)dx =0,
R
which is to secure the assumption of zero average value of n. Otherwise, the unper-
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turbed interface is not y = 0. This is consistent with the fact that x’ decays to xero

at infinity.

Lemma 2.

/nt(a:,t)dx = 0.

R

Proof. From the assumption in (2.2.10)

lim x/'(z,t) = 0.

|z|—o00

Using Lemma 1 this means that

/nt(x, t)dr =0 (3.4.27)

R

therefore proving Lemma 2. 0

Corollary 3. Using Lemma 2

/nt(x,t)dx =0 = /n(m,t)dx is constant.
R R

Note: As [ndz is a conserved quantity it can be taken, to be zero.

Canonical eiqRuations of motion can be achieved using a variable transformation as
follows. The velocity potential at the interface, £, is transformed to a new variable,
¢, via the transformation (cf. [86])

T

& — CZf—I—g / n(x' t)dx'. (3.4.28)

—0o0
The Hamiltonian structure of the equations of motion is proven by the following
theorem:

Theorem 1. The system under study is a Hamiltonian system described by the

phase space variables n and (.
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Proof. Equation (3.4.19) can be written via (3.4.17) and (3.4.18) as
0H = /(—5t +Fx’)(577d:1:+/77t(5£d:c.
R R

Applying the variable transformation given by (3.4.28) the variation can be written

as
F r / /
0H = /( G+ / i (2')dx! +Fx) dx—l—/ (nt5§—§nt/5n(x)dx>dx.
—0o0 R —00
Using Lemma 1 (p.50) the second and third terms can be combined giving

r r o

0H = / ( Gt + X )(577( )dx —|—/ (nt& — 5 / on(z")dx' )da: (3.4.29)
R —00

Using integration by parts:

/ m( / 5n(x')dx’)dx
_ [ / on(')da! / m(x”)d:zc”} i:— / < / nt(x”)dx”)dn(x)dx. (3.4.30)

—0o0 —00 —00

The first term on the right-hand side is zero due to Lemma 2 and applying Lemma

1 to the other term means (3.4.29) can be rewritten as

5[{—/( gt+l;x>577 dx+/ t5C——X/577( ))d

R R

Noting the cancellation of the x’ terms this gives the Hamiltonian system

(3.4.31)
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The Hamiltonian (3.3.29) can now be expressed in terms of canonical variables 7

and ( as

= %/( /77 2’ t)dx)G(n)BlGl(n) <<+g jn(m’,t)dx’)dx

| rof
— 5P /uB Yudr — /(’m+ K) (C+ 5 / n(x’,t)dfc’>nzdx
R R —0o0
1 I / / P 3
uB~'G(n)| ¢+ 5 n(z', t)dx" ) dx + o (yn+ K)°dx
R —00 R

2
R R

1
— 8 [+ e+ so0-p0) [ipds+ [t (3432
R

3.5 Discussion and conclusions

A two-media fluid system separated by a two-dimensional internal wave, bounded
above by a flat surface and below by a flat bottom, was examined. The system
was considered to be inviscid and incompressible. A realistic representation of a
depth-dependent current was presented and the system included a vortex sheet. As
the system was considered to be present on the surface of the Earth, Coriolis forces
were included.

The Hamiltonian approach was taken. The introduction of an interface velocity
potential, interface stream function and Dirichlet-Neumann operators resulted in the
Hamiltonian being expressed in terms of interface quantities only. The Hamiltonian
was then rewrittem in terms of conjugate variables and the equations of motion
were found to be 'nearly’ Hamiltonian. Canonical equations were established by a
transformation of the overall interface velocity potential. The importance of the
introduction of the interface quantities means that it is not necessary to know what
is happening in the bulk of the fluid at all times but only what is happening at the
interface. The introduction of the complex potential allows an analytic continuation

of these quantities to the body of the fluid.
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Chapter 4

AN APPROXIMATE MODEL -
THE INTERMEDIATE LONG
WAVE EQUATION (ILWE)

4.1 Introduction

The main features of the ocean dynamics in a band about 300 km wide, centred on

the Equator, stretching over 12,000 km in the Pacific are:

e there is a pronounced large scale stratification, greater than anywhere else
in the ocean, with lower-density fluid atop an abyssal, practically motionless,

layer

e the underlying currents, while confined to the near-surface (within the upper
200-300 m of the 4 km deep ocean), are non-uniform and present flow-reversal
(beneath the westward wind-driven surface current is a strong eastward jet,
the EUC, one of the strongest currents in the ocean, discovered in 1952 by T.

Cromwell, at depths between 100 m and 200 m)
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e 3-4 m high gravity waves are common on the surface of the ocean, while large
internal waves (with heights in excess of 30 m) propagate as oscillations of
the thermocline — the interface separating the two adjacent layers of different

constant density

This chapter considers the Hamiltonian framework already established for the 2-
media system and adopts an approach using perturbation techniques, whereby small
parameters are used to separate the order of the terms of the model. This facili-
tates truncation at different orders and the production of both linear and non-linear

approximations.

4.2 Nondimensionalisation

The system under study in the previous chapter has been expressed in terms of
dimensional physical quantities, such as metres and seconds. For the approximate
models the physical quantities are transformed to nondimensional quantities using
constants that have some meaning in the context of the systems, specifically the
domain depths, the wave amplitude and the Earth’s acceleration due to gravity.
Note, the introduction of bar notation to identify a transformed variable.

In the case of long-waves the phase velocity v, is given by [52]

Vp Ry /%tanh (khy)

where k is the wave number and ¢ is the acceleration due to gravity. For shallow
water models the wave number is small and therefore tanh (kh) is approximately

kh, meaning

vy =/ ghy

is a velocity that is intrinsic to the system and therefore the velocity components
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are nondimensionalised by the transformation

(@,0) —  /ghi(u,v)
and (a,51) —  /ghi(u1,v1).

By scaling the spatial coordinates using h; they are nondimensionalised by the

transformation

(‘fag) - hl(x7y)

and then also
hy
Vghi

t.

4

As the k and k1 terms are velocities

kK — ghik

and KT — ghikq

and as the v and v, terms are spatial-derivatives of velocities

_ g
% —_
v hy Y
and o= ifyl.
h

Finally, the wave elevation function is nondimensionalised using the wave amplitude

by the transformation

4.3 Linearisation using the small amplitude regime

Linearised approximations can be used for computational modelling in oceanography

for example. The small amplitude regime will be studied. The Hamiltonian under
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study can be expanded in terms of orders of the dependent variables 7 and ¢ as [87]

H(n,§) = HY(n,¢) (4.3.1)

=0
where j is the order and therefore H® is a constant term, H™M(n, &) is a linear
term, H®(n, ) is a quadratic term, etc. The operators in the Hamiltonian will also
need to be expanded. The Dirichlet-Neumann operators can be expanded in terms

of orders of n as

GmﬂIE:Gwm)

The operator B, as defined in (3.3.19), which is a function of Dirichlet-Neumann

operators, can therefore be expressed as

B=pY GV +p > GO ).
§=0 §=0
A scale parameter is now introduced
a
= — 4.3.2
c= (432)

where the constant a represents the average amplitude of the waves n(z,t) under
consideration and ¢ < 1 is a small dimensionless parameter which will be used to
separate the order of the terms in the model.

The Dirichlet-Neumann (DN) operators have the following structure

G=GY+GW4+G? 4 .. (4.3.3)

where G (n) is an operator, such that G (vn) = "G (n) for any constant v
that is G™ ~ e® ~ ", since n ~ hie and similarly for G;. The corresponding

expansions are [31, 32]
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G(n) = Dtanh(hD) + DnD — D tanh(hD)nD tanh(hD) + O(n?) (4.3.4)

and G1(n) = Dtanh(h;D) — DnD + D tanh(h;D)nD tanh(h, D) + O(n?)  (4.3.5)

where

D := —i0d/0x.

To derive the equations of motion we will also make the additional approximation

that the wavelengths L are much bigger than hq, that is

ha
= —= 1.
o L<<

Noting that the wave number k& = 27 /L is an eigenvalue or a Fourier multiplier for
the operator D (when acting on waves of the form e***). Ref. Appendix B.
Further assumptions that we will make about the scales are detailed as follows:

1. § = O(e);

2. hk = O(1) and hik = O(9) that is hy/h ~ 6 < 1. This corresponds to a deep
lower layer;

3. £=0().

4. The physical constants hy, p, p1, v, 71 are O(1).

Since the operator D has an eigenvalue k, it follows that hD = O(1) and hy D =
O(9).

29



The DN operators can now be written as

G(n) :hi [(th) tanh(hD) + (th)hil(th)

1

~(1nD) tanh(hD) - (th)tanh(hD)jL...} (43.6)
and  Gh(n) :hil {(th) tanh (D) ~ (1 D) (1 D)
+(bn D) tanh(hy D) (1 D) tanh(1, D) + . ] (43.7)
with the scale factors determined explicitly as
Gn) = hil [5(hlp)tanh(hb) + 8 (D) (D)
—6%(h D) tanh(hD)hﬁ_l(th) tanh(hD)} + O (4.3.8)
and  Gi(n) —hil [5(/@) (5(/@) _ gl 3D N ) 8 (hy )hil(th)
+8°(hiD) (I D)hil(/hD)(h1 )] oY (4.3.9)

where the barred (dimensional) quantities and operators together with h and hy are
assumed to be of order 1.

Introducing

t, := tanh(hD) (4.3.10)

and Dy :=hD (4.3.11)

and omitting the bars for convenience, the DN expansions are truncated as follows:

1
G(n) = " {6D1th + 53@1%731 — 537?1’%%2?1’%} + O(6%) (4.3.12)
G = Smy [1 -6 - 52 Dy + O(5° 4
1(n) = o D h 1+ O(8). (4.3.13)
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Note that h appears only in the definition of the operator t;, which is of order 1.
Since h; is assumed of order 1, then formally the order of the differentiation 0, is §.
Hence the order of the integration measure dx is 1/4.

The leading order terms in G are O(d) and the leading order terms in G are ¢

hence G1G~! ~ § < 1 and so it follows:

1 1

GB'Gi=G—— G, =G
UGG T (T £GIGTYG

G

2
= Lo {1 - pﬁGlGl + %(Glal)2 — . } G
1

P1 1

. 1 P 1 PQ -1 -1

=— |Gy - —GGTGy+ —2G1G GGGy — ... (4.3.14)
P1 P1 P1

Since both G and G are self-adjoint, it is now evident that GB~'G is self-adjoint
too at this order of approximation. The substitution of (4.3.12) and (4.3.13) in

(4.3.14) gives

2
GGy = 2pr gl (DnD + @”—’“D?’Th)
P1

P1 P1
h h3 /1 2
+ 54”—; (iDnD*Ty, +iT,D’nD) — 6*— (g - p—2773> D*+ O(8)
P1 p1 P1
(4.3.15)
where
Ty := —icoth(hD) = (it,) ™"
is introduced. Details of this operatror are given in Appendix C.
Next
-1 1 -1 P 1 P —1 -1
B =— |G — =G GG+ 5GGGGGE
P1 P1 P1
1
= (rlp—D*lt,;l +0(1) (4.3.16)
1
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and

1
B™'G = o {1 - p—G ‘G + G’ 'GG7'G —
1

S <1 - 5&{@ ) + (9(52). (4.3.17)

Pl

Recalling the Hamiltonian (3.3.32)

1
/éG B7'Gi(n)¢dx — 5/)/)1(7 - 71)2/?777908177% dx
R

- /(777 + k)Eny dz 4+ p1(y —71) /nan‘lG(n)é dx
R R

2 2 _ _
Py plvl/ngdx+g(p p1) + (py plvl)ﬁ/nzd%

6 2
R R

+

The quantity nn, = th3(n/hy)D1(n/hy) ~ 6. The contribution of the integral density
nm. B~ nn, in the Hamiltonian is therefore of order 6°. Recall that dz ~ 1/§. Hence,

by keeping terms up to 62 in (3.3.32) and recalling

=&

the scaled Hamiltonian can now be written as

hy A
H(n,u) 5—/u2dx+5—/772dx+5n/nudx
2p1 2
R

R

1 h?
—52§/nu2das—52#)/11771%6[934—52%/77%(1&:
1 1
R’ i

R
2 2 3 2
Py — p17i 3 3 hy I p
geil i de — L [u, (=+5 . d
+ 5 /77 T 2p1/u (3+p%7f)u T
R R

— )k
P / Tty dm+53W / 2T, d, (4.3.18)
1 1
R R

where the constant A = g(p — p1) + &(py — p111)-
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H is of order §. This gives the proper scaling of d; which should also be of order
0, same as the order of 0,. The variation du bears a scale factor § as well. The

equations of motion (3.4.19) with scaling written explicitly are therefore

oH
-1 _
ne + (6) (—&l )x 0 (4.3.19)
SH
w + Doy + ()" <_n —0 (4.3.20)

producing the coupled system

h 1 h? /1 2
M+ K+ ity — 0—(qu)e — 05 Tty + 0yim, + 622 (— -+ %ﬁ?)um
P1 P1 P1 p1 \3 P17
h B~y —
+ 2L (Tnawe)s + Tr(m)) + g2 = ey g (a3.01)

P1 2p1
1
W+ K, + T + An, — 5p—uu$ + 0y (nw)e + 6(py* — p1vi) e
1

h ha(y —
+ 52%@”@%% + 52%(%%% — 0. (4.3.22)
1

These equations can be viewed as a generalisation of the irrotational case (I' = v; =

v =0, k =0) derived in [31].

4.4 The Intermediate Long Wave Equation (ILWE)

Keeping terms of up to order ¢ in (4.3.21) and (4.3.22), results in

N+ KMe + —Uy — 0— () — 05 Thligs + 67110z = 0 (4.4.1)
P1 P1 P1

1
w + ku, + I'ne + An, — 5p—uum 4+ 81 () + 6(py* — p1yH)mme = 0. (4.4.2)
1
Next, a Galilean transformation of coordinates is performed where
X=x—kt, T=t 0x=0, D——idx and 0Or=0,+k0d, (4.4.3)
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and taking into account that for the typical values of x of several m/s, g > 2wk the

equations of motion can be written as

nr+ —ux — 5—(7711))( — 5—27quX -+ 5’}/1777])( =0 (4.4.4)
P1 P1 P1

1
wr o+ T (A = D)y — 0w+ 09 (mi)x +3(00” = pori)mne =0, (44.5)
1

where A — Tk = g(p — p1) + k(py — prn) — 6(py — pm) + 2we(p — p1) = (9 —

2wk)(p — p1) = g(p — p1) giving

nr + —ux — 5—(77u)x — 5—277111)()( + 5’717777)( =0 (446)
P1 P1 P1

1
ur +Inr +g(p — p1)nx — 5p—qu + 671 (mu)x +0(py* — p1ri)mmx = 0. (4.4.7)
1

The leading order terms (that is neglecting the terms with § above) produce a
system of linear equations with constant coefficients from where the speed(s) of the

travelling waves (in the leading order) can be determined:

hy h2 hy
c=——T+ JAr2 4 o p). 4.4.8
20 \/ 1 plg(p p1) (4.4.8)

The plus sign is for the right-running waves and the minus sign is for the left-running
waves. These speeds coincide with the speeds in the case of infinitely deep lower
layer [16], noting that the h-dependence comes only from the term 7, which is of
order .

For the travelling wave, which depends on the characteristic variable X — ¢T',

In order to obtain a single nonlinear equation for 7, a relation which involves terms
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of order ¢ is also needed, that is an expansion of the form

u= %cn + 6an® + 0B8Tunx, (4.4.9)
1

for some yet undetermined constants a and 3. This type of relation is also known as
the Johnson transformation. The substitution of u from (5.4.8) in (4.4.4) and (4.4.5)
when keeping only the terms up to order ¢ leads to two equations for 77 and therefore
these two equations must coincide. This leads to equality of the coefficients in front

of the terms of the same type, which further allows to determine the previously

unknown
- (p1? + 2hTe — T 4 piyihic + h3) (4.4.10)
2h? (2,010 + h1r)
and
p(pic® + hT'c)
= 44.11
B e i Il ( )
The equation for 7 is
phyc? =3p1c® + 3piyihac + hi(py® — p1?)
+enx —0———F—=T, +0 =0.
i 2p1c+ hi nxx hi(2p1c + hil) X
(4.4.12)

The obtained equation is known as the Intermediate Long Wave Equation (ILWE)
introduced in [50, 61]. It is an integrable equation. The soliton theory for ILWE
has been developed in a number of works, for example [?, 55, 59, 67, 81].
The ILWE in the irrotational case (y =y = w = 0, k = I' = 0) becomes!

3¢

phic
2 Thn 2 0 (4.4.13)

77t+077x—5

where, from (5.6.4) the wave speed(s) are

ha
c==xy—glp—p1)
1

Note that in this case k = 0 and hence (X, T) = (z,t).
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The ILWE can be written in the following form

nr + cnx + 0Amx — 0BTpnxx =0 (4.4.14)
where
A= —3p1c% + 3piyihic + Wi (py? — 01712), - phic? _ (4.4.15)
h1(2p1€ + th) 2,010 + th

The one-soliton solution of (4.4.14) has the form

2B k’o Sin(koh)
X.7T)=2=. 44.1
(X, T) A cos(koh) 4 cosh[ko(X — Xo — (¢ — Bkg cot(koh))T)]’ ( 9
2
0<ky< %

In the above formula X, and kg are the soliton parameters, that is arbitrary constants
within their range of allowed values. Xj is the initial position of the crest of the
soliton and kg is related to its amplitude. The wavespeed of the soliton is ¢ —
0Bk cot(koh) and the correction of order ¢ depends on the coefficient B and the
dispersion law related to the dispersive term and also on the parameter ky;. Both
the amplitude of the soliton and its speed are related through ky. Another feature of
this solution is the fact that the function cot is unbounded. The physical relevance of
the solution however requires that the choice of kg should be such that the quantity
ko cot(koh) is of order 1. As will be shown in the next section, there is no such
anomaly for the related Benjamin-Ono equation, for which the limiting procedure

requires a special choice of k.
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4.5 Connection to the Benjamin-Ono equation

The BO model of waves in the presence of uniformly-sheared currents has been
derived previously in [16]. In this section, it will be shown that the BO equation
can be obtained as a special kind of a long-wave limit from the ILWE (4.4.12).

In the limit h — oo which corresponds to an infinitely deep lower layer
Trn = —icoth(hD) — —isign(D), Thox — |D|,

and the equation (4.4.12) becomes the well known Benjamin-Ono (BO) equation
3, 16, 70]:

Similar to the ILWE, the BO is an integrable equation whose solutions can be
obtained by the Inverse Scattering method [38, 58, 66].
The one soliton solution of the BO equation (from (4.4.16) with h — oo but koh

finite, koh = m — ko/q where ¢ is a constant) and can be written in the form

To
1+ (24 [X — X, — (c+ 26.Any)T)?

n(X,T) = (4.5.2)

where the constants are the initial position Xj of the soliton and its amplitude 7.

The relation to the constant ¢ (and hence k) is

no = 4Bq/ A = 4Bky /[ A(m — koh)].

4.6 Connection to the KdV equation

The KdV model of internal waves in the presence of uniformly-sheared currents has
been derived previously in [15]. The special situation of KdV with hy/h ~ § has

been provided in Appendix D for convenience. The provided analysis shows that it
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can be obtained as a special kind of a long-wave limit from the ILWE.

The KdV limit can be obtained assuming hk < 1 or |hD| < 1. The operator

. 1 1 1., 1
Tn = —icoth(hD) ~ —i (h_D + ghD> _ EaXl _ ghaX

giving from (4.4.14)

2
pe hy hB
- + + 00— =0. 4.6.1
7’]T+ <C 52p10 h1F h, ) nNx (5./4777’/)( (S 3 Nxxx O ( 6 )

Noting that h;/h ~ ¢ < 1 the correction to ¢ in the second term is of order 6% and

can be neglected. Thus the KdV equation in the following form is obtained
hB
N+ enx + 0Amnx +0—mnxxx =0 (4.6.2)

which coincides with (D5), Appendix D since in the ILWE setup 6 ~ ¢ and

B — hB _ Ephhy
Y73 T 3(2ep1 + Thy)

The one-soliton solution of (4.6.2) can also be obtained from (4.4.16). For koh < 1,

sin(koh) = koh, cos(koh) ~ 1, and using the identity

1 4 cosh Z = 2cosh?(Z/2),

3B, 1 koh 3B,
Bko COt(koh) ~ Tk‘o (]{IO_h — ?) = ? — Blkg
2
pc hl 2
= . Bk
2cp1 +Thy  h 1o
The first term
2 2
cp . ﬁ = —C P el

2cpr +Thy h  2cpy +Thy
does not depend on kq and represents the small O(6%) correction to the constant

wave speed c. The second term is proportional to k2, and the approximation leads
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to

6B, k2
X, T) = 2L,

(X, T) A 1+ cosh[kg(X — Xo — (¢ + 0B1k2)T))]

3B, k2
= . ) 4.6.3
A cosh’[5(X — Xo — (c+ 0B1k2)T))] ( )
Introducing a new constant K = k¢ /2, gives

12B K?

n(X,T) = —— (4.6.4)

A cosh®[K(X — Xo — (c+ 46 K2B,)T))]

which coincides with the KdV one-soliton solution (E3), Appendix E.

4.7 Discussion and conclusions

The integrable ILWE for the case of solitary waves on the interface of two fluids with
constant vorticities was derived, modeling equatorial internal waves interacting with
the undercurrent. The surface waves which are usually of much smaller amplitude
were neglected, so a “rigid lid” approximation for the upper fluid was assumed. The
ILWE is an integrable model and the inverse scattering method or other methods
like Darboux transforms and Hirota’s method allow for the derivation of explicit
multisoliton solutions. The one-soliton solution for example is provided in (4.4.16).
Two important integrable limits were applied to the ILWE one-soliton solution, and
the BO and KdV one-soliton solutions were recovered. The limits of course exist for
the multisoliton ILWE solutions as well and in principle for all types of solutions. It
has to be noted that the ILWE, BO and KdV correspond to different scales of the

physical quantities, as can be seen from Table 4.1.

69



ILWE | BO | KdV (D1)
O(hi/h) | d 0 |1
O(n/h1) | o 5 | 0°
O(hik) |9 b |0
O(hk) 1 oo |0

Table 4.1: The scales of the three approximation models.

The BO limit corresponds to a limit to an infinitely deep lower layer. The limit from
ILWE to KdV gives a KdV equation in its particular form (4.6.2). Schematically the
relations between the ILWE and the KdV equations involved could be represented

as follows:

(h1/h)=e<1 hk<1
-

KdV (D1) KdV (D5) 2=5 [KdV (4.6.2)| ££<L ILWE

This shows that the ILWE should be used as a “master” equation with some caution.
An interesting aspect for further studies is the development of theoretical models
for internal waves with currents over variable bottom, extending the results from

(75, 76].
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Chapter 5

INTERNAL WAVES WITH
CORIOLIS FORCE

5.1 Introduction

As previously discussed, internal wave propagation is affected by various factors,
such as currents and interactions with other waves, since the ocean dynamics near
the surface is quite complex. However at great depths in the ocean (depths in
excess of about 240 m) there is, essentially, an abyssal layer of still water. In what
follows, the influences of current, vorticity and interactions with other waves will not
be taken into account. It turns out that the highly idealised theoretical two-layer
model describes accurately the reported observations [44, 71].

In this chapter, the Coriolis effect on the internal wave propagation is examined fol-
lowing the idea of the “nearly” Hamiltonian approach and generalising the Hamilto-
nian approach of Zakharov [88]. This nearly-Hamiltonian approach however, unlike
the one in the previous chapter, is about the inclusion of the Coriolis effect, not
an underlying current. The aim is to illustrate the mathematical usefulness of the
Hamiltonian approach in a systematic study of the internal wave propagation, rather

than to present new equations on internal waves. The approach could be used in
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further studies, including detailed analysis with higher order approximations or ef-
fects, not included here. The details, analysis and results of this chapter have been
published: refer to article [35].

The Coriolis effect is present both in the ocean and in the atmosphere. A mass of
moving air or water subject only to the Coriolis force travels in a circular trajectory
called an “inertial circle”. The Coriolis effect has been intensively studied as well,
see for example [44, 63, 77].

For ocean waves of large magnitude, the viscosity does not play an essential role and

can be neglected, so effectively the fluid dynamics are governed by Euler’s equation.

5.2 The System Setup

The Euler equation with included Coriolis force as per (2.3.12) is
1
w+ (u-Viu+2Q2xu=—--VP+g (5.2.1)
p

where the velocity vector field u = (u,v,w) is presented through its components
in a local coordinate system. Similar to the previous setup (Figure 2.3), the more
traditional oceanographic coordinate system is now used where the geophysical axis
x is oriented to the East, the y axis is pointing to the North and the z axis is vertical

to the Earth surface, as shown in Figure 5.1.
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Northward

Y

\ Z Upward

X

Eastward

Figure 5.1: Local Cartesian coordinates for a point on the surface of the Earth.

In addition incompressibility is given by div u = 0, P is the pressure in the fluid

and g is the acceleration due to the Earth’s gravity.

A

hy

Q
) ANVA AN
VARV

Q

Figure 5.2: System Set up. The function n(x,t) describes the elevation of the internal
wave.

The fluid domain €2 is the fluid of higher density. The pycnocline/thermocline is
the interface that separates the two fluid domains €2 and €2,. The Earth’s angular

velocity at latitude # in this system is

Q = w(0,cos6,sinb),
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where w = 7.3 x 107° rad/s.

Introducing the parameters f = 2wsinf and r = 2w cos f gives

2Q x u = (rw — fu, fu, —ru).

Note: the form (5.2.1) arises as the so-called traditional approzimation of the Euler
equations in spherical coordinates.

For Equatorial motion § = 0 and f = 0 so there are no forces acting in the y-
direction. The Coriolis forces support the fluid to move along the Equator (in
the x-direction), so that its motion remains two-dimensional. The system will be
considered for # > 0. It will be assumed that the fluid motion is irrotational (that
is absence of currents and vorticity), apart from the global rotation caused by the
Coriolis forces.

In this approximation the velocity field is also potential, that is u = V(x,y, 2, t)
and therefore Ay = 0. The Coriolis effect will be presented as a perturbation to the
potential motion.

The governing equations (5.2.1) acquire the form:

V 2
(th‘f‘%"‘g"’gZ) +r§0z_f90y:()a
V 2
(got%—’ 5' +§+gz> + for. =0, (5.2.2)
Yy
v 2
(got+| 5' +Z/—j+gz) —ry, =0,

where ¢ is the Earth acceleration. The internal waves are illustrated in Fig. 2.4.
For fixed y the system is bounded at the bottom by an impermeable flatbed and is

considered as being bounded on the top by a flat horizontal surface, reflecting the
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assumption of absence of surface motion. The domains

Q={(r,2) €eR?: —h < z < n(x,1)},

O ={(x,2) eR* :n(x,t) < 2 < hy}

correspond to the two fluid layers and the quantities associated with each domain
are using the respective subscript notation. Also, subscript ¢ (implying common
interface) will be used to denote evaluation on the internal wave z = n(x,t). Prop-
agation of the internal wave is assumed to be in the positive z-direction, which is
oriented eastward. The function n(z,t) describes the elevation of the internal wave

with the mean of 7 assumed to be zero,

/ n(x,t)de = 0. (5.2.3)

The system is considered incompressible with p and p; being the respective constant
densities of the lower and upper media and stability is given by the immiscibility
condition p > p;. For long internal waves with wavelength L the parameter § =
h/L < 1 is a small non-dimensional parameter and ¢ is a small quantity of order .
The effect of the terms proportional to r on the propagation in the x-direction could
be estimated from the correction of the wave propagation speed in the z-direction
due to the Coriolis force. The exact expression for this wave-propagation speed for

equatorial waves when cos@ = 1 is [15]

hhy

— 1 (524
prh + phy ( )

co=—on(p—pr)w £ /ad(p — p)%? + anlp—p)g. o

The terms with w (which are proportional to r) are much smaller, thus the approx-

imate value of ¢ is

hhi(p — p1)g

Ch =
’ (prh + ph1)

and the relative change due to the Coriolis force can be estimated to be of a mag-

75



nitude
ACD o

Co

hhy(p — p1)

— (2 0) ~ 107% to 10~*
(p1h+ph1)g( wcosf) 0

for the feasible values of the parameters. Thus the dependence of the motion in the
(z, z)-plane due to the terms containing r can be neglected.

The motion in the y direction is very slow in comparison to the wave propagation in
the x-direction, therefore in the leading order, p = p(x, z) and the second equation
in (5.2.2) can be used in the linear approximation to exclude the y dependence. This

means

Oy + foz =0 (5.2.5)

giving formally

Py = _fat_lcpm-

In what follows it will be assumed that f is of order §%/? or 6> < 1. Noting that
the 0, operator with an eigenvalue k = 27 /X is also of order ¢ (since k = 2wd/h),
for compatible time-scales J; ~ ¢ thus the y-derivative ¢, < ¢,. The first equation

from (5.2.2) gives the following generalisation of the Bernoulli equation:
[Vel?
2

+§—|—gz+f20t_190:0.

Y +
The nonlinear contribution
IVol? = @2 + 02 + @2 = g2 + g2

Therefore, the quantities in the leading order do not depend on the y variable and
in the following sections this dependence will be supressed and essentially only two-
dimensional wave motion will be considered (the y-dependence will be discussed
again and reintroduced in Section 5.7). Note that the two-dimensional motion is

common at the Equator (# = 0), but not necessarily in most other parts of the ocean
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where meandering is quite frequent. Nevertheless it is also physically realistic when
6 > 0 : one example of such two-dimensional flow propagation in terms of sperical
coordinates is the Antarctic Circumpolar Current - see for example [24]. It follows

that the Bernoulli equation for this case is

2+ plz,z)

2

o1 + + +gz+ f207 0 =0. (5.2.6)

This is effectively a (2+1)-dimensional equation for the z,z dependent variables
(considering y fixed) and it will provide one of the governing equations for the
arising models.

It is again assumed that the functions n(z,t), ¢(x, z,t) and ¢1(z, 2, t) belong to the
Schwartz class S(R) with respect to the x variable (for any z and ¢). This reflects
the localised nature of the wave disturbances, including disturbances in the form of
solitary waves. The assumption of course implies that for large absolute values of x

the internal wave attenuates

lim n(z,t) =0, lm ¢(z,2z,t)=0 and lim ¢(z,2,t) =0. (5.2.7)

The action of the operators 9, !, is not uniquely defined, however for the special

subclass of functions satisfying the condition (5.2.3) the action is unique,

81,177(95,25):/ n(z' t)dz’, (5.2.8)
+o0

and moreover 0. 'n(x,t) belongs to S(R) with respect to the z variable as well.

Therefore, the differentiation operator is invertible on the functional subclass of

S(R) satisfying (5.2.3).
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5.3 (Nearly) Hamiltonian representation of the
internal wave dynamics

Recall that subindex 1 is used for the quantities associated to the upper layer. Also,
subscript ¢ (implying common interface) will also be used to denote evaluation on
the internal wave z = n(z,t). In addition, n(x,t) satisfies the boundary kinematic

condition on the interface

m = (w—ung)e = (Wi — urnz). (5.3.1)

or

M= (P2 = Palle)e = (P12 — Pratl)e (5.3.2)

representing the fact that the particles from the surface z = n(z,t) (which is actually
the interface, also the thermocline and the pycnocline) do not move in the direction,
perpendicular to the surface [52].

Propagation of the internal wave is assumed to be in the positive z-direction which
is considered to be “eastward”. The main result is formulated in the following

theorem:

Theorem 2. The time evolution of the internal wave motion in the x-direction is

given by the following system in quasi-Hamiltonian form

0H,
& = —5—0 — 2 (07 (pp — 1)), (5.3.3)
n
0H,
e = ? (5.3.4)

where

£(z,t) == (po — p1o1)e-

and Hy is the Hamiltonian that corresponds to the irrotational motion (f =0)
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Proof: At z =n(x,t), p(x,n,t) = p1(x,n,t) and therefore the Bernoulli condition is

1 1
(e 5176l +an-+ £(070)) = (ons)e+ 51T+ g+ 0 o)
(5.3.5)

or

p _
(por — plsol,t)c+§|V¢|3—§|V¢1I3+g(p—p1)n+f2 (07 H(pp — prie1)), = 0. (5.3.6)

The functional Hy, which describes the total energy of the system, can be written

as the sum of the kinetic, IC, and potential energy, (II) contributions. The potential

Ui hi
V(n)ng// zdzdx+p1g// zdzde. (5.3.7)
RJh R Jn

However, the potential energy is always measured from some reference value, for

part, must be

example V(n = 0) which is the potential energy of the undisturbed interface, without
wave motion. Therefore, the relevant part of the potential energy, contributing to

the wave motion is

: (5.3.8)

n 0 1
1) = Vi)~ V(O) = pg [ [ zdsdet g [ [ zdedo =500 poyg [ st
R JO R Jn
The kinetic energy of the wave motion is

1 " 1 g
K= —p/ / (u* + w?)dzdx + = py / / (uf + w?)dzdx (5.3.9)
2" JrJ-n 27 Jr Sy

and in terms of the velocity potentials

1 " 1 &
Hy=K+T1l= —,0/ / |Vol2dzdx + =p / / Vi, [*dzdx
12 RJ=h 20 Jwy (5.3.10)

+ 5= pl)g/ nide.
R
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The next step is to compute the variation of Hy, that is 0 Hj :

n hy
0Hy = p/ / V- V(op)dzdr + pl/ Vi - V(dp1) dzdx
X R J=h . R Jn (5.3.11)
+ —p/ Velzondz — _pl/ Ve [zondz + (p — pl)g/ non dz.
2" Jr 2" Jr R
Taking into account Ap = 0 and Ap; =0
n hy
0Hy = ,0/ / div[(Vp)dg| dzdx + py / / div[(V1)dp1] dzdx
RJ=h R Jn (5.3.12)

p p
+/ (§|V90!3 - §1|V901|3 + (p— p1)9n> ondz.
R

By applying the Divergence Theorem for the domains ) and €2; and noting that
the outward normal to the domain Q2 is N = (—n,, 1), the outward normal to €
is =N, |N| = /1 + 12, with the line element dl = /1 4 n2dz and that there is no

contribution from the flat bed or top surface, then

0Hy = p\/((pz - Ux@z)c(é‘ﬂ)cdx ! /R(Qpl,z B 7];5@1,95)0(5901)0 dz
R

, , (5.3.13)
£ 2 _ M1 2 _
+ /R (2|V¢\c 5 [Venle + (p p1)977> on d.
and using (5.3.1)
Sty = [ mlp(Go)e = pi(Bor)) da
R (5.3.14)

P 2 _ P 2 _
+/R<2!Vsolc 5 Verlz + (p pl)gn) ondx.

Now recalling the relations

(590)0 =0p. — (@Z)cén

and

(5@1)0 = 6(Q01)c - (@1,2)0577
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this leads to

0Hy = / n:0€ dx
R

p p
+ /R (§|Vso|§ - 31|V<p1|§ +(p = pr)gn — (p(e:)e — pl(%,z)c)m) on d.

(5.3.15)
From (5.3.15), (5.3.4) follows and also
55—? - gl plo — %!V%!? +(p = p1)gn — (P — priprz) el (5.3.16)
Since (@c)e = (pr)e + (02)ene and (p10)e = (P14)e + (P1,2)ene, then
& = (por — pro1e)e + (P0= — prerz)en. (5.3.17)
From (5.3.16) and (5.3.17) it follows that
55% = gl 2 — %W@ﬂ? +(p = p1)gn + (por — pripri)e — & (5.3.18)

Now (5.3.3) follows from (5.3.18) and (5.3.6). Hence (5.3.3) — (5.3.4) represent the
nearly Hamiltonian formulation of the internal wave dynamics. O
In the following sections the Theorem 2 will be applied in the derivation of several
important approximate model equations under various assumptions for the smallness

of the physical quantities.
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5.4 Long wave and small amplitude approxima-
tion

In this approximation we assume that 6 < 1, n ~ 62, D = —id, ~ J, £ ~ 6, and

f ~ 62. The expansion with respect to ¢ of the Hamiltonian is [15]

54 2
Hol¢,n) = 5 / ED (an + 0%(azn — aaD?)) DEdx + 6 g(p — p1) / %dw (5.4.1)
R R
where

hh h2h2(ph h h? — ph?
ay = 1 7 oy = 1(:0 + P 21)’ o3 = phy — p1 > (5.4.2)
p1h + phy 3(p1h + ph1) (p1h + phy)

are constant parameters.
The Hamiltonian equations that follow from (5.3.3)-(5.3.4) expressed in terms of 7

and u = &, are

N + alﬂx + 52052{%%38 + 52&3(7]ﬂ)x = 07
(5.4.3)

Uy + g(p — p1)ne + 8 stiily + 0% 2 [(0; (pp — p16£1)) sy, = O

Taking the term:

t
O, (pe — p1691)) sty = / [po(x,n(z,t),t") — pro1(x, n(x,t), t)]dt’

and evaluating

[0, (0 — Pr1)) emn(e) =
[pgo(x, 77(55’ t)? t) - P1901(33a 77(3?> t)v t)]+77t/ [pQOZ(x> 77(337 t)? t/) - p19017z($, 77(337 t)’ t/)]dt/

= &(z,t) + smaller order terms (5.4.4)
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since £ ~ § and 7, ~ 6% etc. Therefore

[(a{l(pgp - plgpl))z:n(m,t)}x = 8;1595 4+ ... = 8{1u 4+ ...

which leads to the system of coupled equations

N + iy + 0% Qoligee + 62a3(nit), = 0,

iy + g(p — p1)ne + 0% aztit, + 62 f2(9; ) = 0.

In the leading order

N + iy = 0, i+ g(p— p1)ne =0

or

N = _alamt - gal(ﬂ - Pl)ﬁm

SO Nee — goa (p — p1)Nze = 0,

which is the wave equation for 7 giving the wave speed

co = £\ ai(p — p1)g.

(5.4.5)

(5.4.6)

(5.4.7)

For an observer, moving with the flow, that is there are left- (— sign) and right-

running (+ sign) waves. In the leading approximation, for linear waves, the functions

depend on the characteristic variable @ — cot, therefore @ = Z*n. In the next order

approximations with respect to § so that
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Differentiating the first equation in (5.4.5) with respect to ¢
N + 1l + 67 0lyge + 07z (Nel + M)y = 0
and substituting in it @, from the second equation in (5.4.5), @ from (5.4.8), and
n = —aqty +6°(...)

where necessary, neglecting 0* terms, the following generalised Boussinesq equation

for n is obtained:

3ascd e

(1) aw — 0> =g + 6> f*n = 0. (5.4.9)

2 2
Nt — CoMaz — 0
20(1 aq

The dispersion law of this equation is
D2 (k) = 2k? — 520208 4 g2 g2 B(k) ~ cok — 6222903 ¢ i (5.4.10)
0 (6%} ’ 0 20(1 2]{60' o
A generalised Korteweg - de Vries (or KdV, [57]) type equation of the form

N + CoNe + 621 Naze + 0%a2(n?)e + 62as f20,'n =0 (5.4.11)

for some constants ay, as, a3 (yet unknown) can be obtained from (5.4.9). Differen-

tiating the above equation with respect to t gives
it + oMt + 0% haaw + 622 (0”)ar + 62ag f20; ' = 0

in which 7, is substituted from (5.4.11) to obtain (neglecting §* terms)

Nt — anxx - 522@1007750333696 - 522@260(772)9095 - (522a360f277 - O
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The comparison with (5.4.9) gives

(g Co 30&300 1

a; =
2061 ’

Then finally the KdV-type equation acquires the form

3co f?
o+ 22 2202y 52 g 5.4.12
N + Colw + 20! . (1)a TR ( )

The leading order term 7, + con, an be transformed to just a T'—derivative via an
appropriate Galilean transformation X — (z — cot), T — 6t which introduces the
characteristic variable X and the slow time 7" such that 1, = 6’1y — conx, 7. = Nx
and 7, + con, = 6*nr and therefore

S

9C 3000&3
X n. 5.4.13
260 ( )

77XXX

(772))(

nr +

2c0 40&1

In the chosen scaling all quantities are of the same order and the scale variable ¢
has disappeared. The equation (5.4.13) is also known as Ostrovsky’s equation [77].

Note that the dispersion law of the Ostrovsky equation (5.4.12) is like in (5.4.10):

2042001{: 2 f2

(Z}(k) = Col{? ) al 2]{700

The condition (5.2.3) could be relaxed to [, n(x,t)dz = constant, which is typical
for the soliton-like solutions. Such a condition does not change the average value of
1 over the whole real line R, since the interval in this case has an infinite length,
and the average value is still zero. The inverse operators of 0, and dx however then
are not unique and we can use (5.4.13) only in the form

(6516 3coas
Nxxx +

(772))( /

= 5.4.14
40&1 X 20077 ( )

77T+2

A derivation directly from Euler’s equations is presented in Leonov’s paper [63].
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The Ostrovsky equation itself is Hamiltonian and possesses three conservation laws,
however it is not bi-Hamiltonian and it is not integrable by the Inverse Scattering
Method [9]. Solutions from perturbations of the KdV solitons [52, 65] can be de-
rived in principle, although this is technically difficult, see for example [40] and the
references therein. Some special solutions like travelling waves for the Ostrovsky
equation have been well known (see for example [41]) and can be used in the analy-
sis of the Earth’s rotation in processes like energy transfer [41, 43] by ocean waves.
Various other aspects of the equation have been studied extensively in numerous

works, see for example [41, 85] and the references therein.

5.5 Special case of small or vanishing a3

There is one special configuration when the coefficient g from (5.4.2) is small (or
vanishing), for example O(a3) < §, or ph? ~ ph®. Then the nonlinearities like 7?7,
can contribute significantly in balancing the dispersive terms. It can be shown that
there is a scaling which corresponds to this situation and it is n ~ 6, f ~ §? and
@ ~ 6. Because the scaling differs from the one in the previous section this case is
presented separately. The Hamiltonian acquires some extra terms. Looking at the

Hamiltonian (5.9) from the article [15] and expanding up to terms of order * gives

1

2 1
Hy[n, ) = —/ (6%aq + 8%agn) WPde + 62/ as L dy — 64 / Bin*utdx
2 Jr R 2 2 Jr

1
—|—54§/a2ﬂ&mdx, (5.5.1)
R

where ay = g(p — p1) and
g, — Porllht hn)”
Y (pih + pha)?

The term with s is small of order §* or even smaller, but because as is a constant
coefficient and for some other choice of the parameters it could be significant, the

coefficient a3 is not scaled explicitly. Taking into account the scaling, the "nearly”
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Hamiltonian formulation can be written in the form

i o ((OH, i
iy = —[677] (5—770):6—52]”2@ L4

(5.5.2)

where [672] is a scale factor and not a variation. This results in the system of

equations

e+ ol + (dasni — 6°fin°t+ 6%asliy,), = 0 (5.5.3)
Oé31jt2

2

—525177@2) + 82207\ = 0. (5.5.4)

x

Uy + ouyny + <5

Again, the leading order gives ¢ = ajay = a1g(p — p1). From the coupled system
of equations @ can be eliminated by using an expansion like (5.4.8) however taking

into account all possible terms
~ 2 o 3 o oo
= =1+ 601y + 0by - + 0°ban” + %040, 1 (5.5.5)
0

for some yet unknown coefficients by, ..., bs. The substitution of (5.5.5) in (5.5.3)

leads to an equation for 7, keeping only terms up to order 6%

la1e} a1b Q3
N + oMz + 6% ( bray + e Naz + 0 12+ s 772
Co 2 Co

azby Broy

2 Co

+4° (a1b3 - ) 773} +6%a1b,0; ' = 0. (5.5.6)

The next step is in a similar fashion to eliminate @ from (5.5.4). A substitution
of (5.5.5) in (5.5.4) is required, however there will appear t— derivatives in various
terms. In the non-leading order terms 7, can be eliminated by using the expression

(5.5.6) and taking into account that in the leading order
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results in

0261 30y 6202
Ul + CoMlz — 52((;_771193 + o ( - _0> URIE
4

Co iy
2 2 2
4§52 (Oé:sbz B Broy B Cobs (b2a1 4 03044)> (773)35 _ 52 (f_ + %) 8;177 —0.
2 Co 3054 Co Co )y

(5.5.7)

The two equations (5.5.6) and (5.5.7) need to coinside identically, and therefore their

coefficients are equal. This leads to the following identities (recall 2 = ajauy)

c2b Qo Cox
_0t o bran 2 giving by = —0—22,
Qy Co 207
30y bgcg 20(3&4 .. CoOe3
— = = by giving by = ———,
Co Qv Co 207
b
Oélbg + a2 - 61&4 (558)
2 Co
asb ay  cob 20300 cool?
_ 32_51 4 02(b2a1—|— 34) giving by = 033’
2 Co 30(4 Co 80“1
2 2 2
cib
arby = —f— — giving by = — / )
co oy 2c00

These coefficients completely determine the relation (5.5.5) giving @ in terms of
n. Moreover, the substitution of the coefficients in any of the equations (5.5.6) or
(5.5.7) leads to the following equation for 7 :

CoQlg

3000&3 Co
N + CoMz + 52%”3&1 +0 %0, Mz — 52@ (Oé + 804151) (7°)a

—52f28‘1 =0
=—0a, n=0. (5.5.9)

260 v
The coefficient in front of (1®), in terms of the physical parameters is

—% (03 4+ 8aufy) = —
1

co(p*hi + 8ppihhi(h? + hi) + 14ppih*hT + pih?)
8h2hi(pih + phi)? '
(5.5.10)

Note that if a3 is of the order of § or smaller, then all non-leading order terms are
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of order ¢%. In terms of the (X, T) variables introduced in the previous section, the
leading order term 7; + con, = 6?1y is of the same order, 6%

Finally, the very special case without quadratic nonlinearities is realised when ag =
0. Then the equation (5.5.9) when f = 0 is of mKdV-type for the real variable 7.
Since the two densities are very similar, it is the difference Ap = p — p; that matters
for the evaluation of a. Elsewhere p = p;, and hence ag = 0 meaning h = h;. Then

(5.5.9) becomes

P X< DA L3 Al e T 5.5.11
nt+00nx+ 6 Nezx h2 (77 )a: 200 T n= ( oS )
with
5 _ ghAp
CO — T 4
2p
or
coh? C 2
nr 4 OTT,XXX _ h_g(n3)x — Q_CoaXln = 0. (5.5.12)

The mKdV equation (when f = 0) is an integrable system, while the equation with

a nonzero f is not.

5.6 Intermediate Long Wave approximation

In this section, the equations of motion are examined under the additional approx-
imation that the wavelengths L are much bigger than h;, that is the shallowness
parameter will be taken as

h
)=—<1
L<<

Noting that the wave number k = 27/L is an eigenvalue or a Fourier multiplier
for the operator D (when acting on monochromatic waves of the form e*®). The
following further assumptions about the scales are made:

1. n and @ are both of order ¢;
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2. hk = O(1) and hik = O(9) that is hy/h ~ § < 1. This corresponds to a deep
lower layer;

3. The physical constants hi, p, p1, are O(1), and f ~ §%2 (so that the f?-term in
the equation is of order §).

Since the operator D has an eigenvalue k,it follows that hD = O(1) and hyD = O(9).
The Hamiltonian, expanded over ¢ is derived in section (3.3) and could be obtained
again with an asymptotic expansion of the general Hamiltonian from [15]. The

Hamiltonian with terms up to order §° is given by (4.3.18)

h 1
Hy[n,u] :52—1/ﬂzdx%—é?%/nQda:—éB—/nﬁde
2p1 Jr 2 Jr 2p1 Jr
hip

— 820 | aThiydr (5.6.1)
207 Jr
where again the constant ay = g(p — p1). Note that Hy is of order §2. The equations

follow from the nearly-Hamiltonian formulation in the case of Coriolis force (5.5.2),

with the only difference that the Coriolis term with f? is now of order d:

hi

1 h
M+ Ly — 60— (nil)y — 0L Ty = 0 (5.6.2)
P1 P1 P1
1
Uy + Quny — 6—0dl, + 0f20; 1 = 0. (5.6.3)
P1

The leading order terms (that is neglecting the terms with § above) produce a
system of linear equations with constant coefficients from where the speed(s) of the

travelling waves (in the leading order) is

co = o9l =p1) (5.6.4)

and clearly corresponds to the limit of large h in (5.4.7).
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With the Johnson transformation

2
i = Czp L)+ 8by Totge + 6b2— + 6b30 2 (5.6.5)
1

and as before, the @ variable is excluded in order to obtain the two equations for 7 :

77t+0077x+5<ﬂ—COphl)Enmeé(hl—bQ_@) x+6@8‘ 0,

P1 P1 P1 hy
b h hb bsh 2
ot om — 60, (ﬂ N 0_0) s ( sl f_) -l = 0.
p1 pr I P G

From the comparison of the corresponding coefficients the following quantities are

obtained
Cop Copi f*p1
bi=—, b=_—+5 = — 5.6.6
1 9 ) 2 2}7/% ) 3 200h1 ( )
which leads to the following equation for 7 :
coph 3co
T]t—l-c(mm—é 0P lﬁmm— o nnx—éf 9, 'n=0. (5.6.7)

With an appropriate Galilean transformation X — (x — ¢gt), T — 4t the equation
transforms into
Cophl 360

_ 20 ——a —0. 5.6.8
20 Tunx x o, 11X ' (5.6.8)

nr —

Note that the speed ¢y depends only on the depth of the upper layer h;. The h-
dependence comes only from the term 7. For ¢y there are two possible choices,
corresponding to the left or the right-running waves. For both choices, the equa-
tions (5.6.8) are different. The obtained equation (5.6.8) extends the integrable

Intermediate Long Wave (ILW) equation [8, 50, 61].

In the limit A — oo the operator 7, = —icoth(hD) becomes the Hilbert transform

operator H = —isign(D) or 7,0, — |D| = |0x|. Then (5.6.8) becomes an extension
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of the Benjamin-Ono (BO) equation:

360 2

|Ox[nx — 2_hlm7X - 2—608)}177 = 0. (5.6.9)

. cophy
2p1

nr

The BO equation [1, 70] like KAV and ILWE is a classical example of an integrable
equation solvable by the inverse scattering method [58].

The models with Coriolis term (5.6.8),(5.6.9) are not integrable, however the solitary
wave solutions could be treated in the framework of the theory of soliton perturba-

tions, as well as with other methods.

5.7 Including the y-dependence

Up to this point, the y-dependence of the physical quantities has been ignored, and
there are physical situations where this is justified. However, from (5.2.5) it is clear
that the y derivative, or, rather the operator —id, and its eigenvalue k, are of the
same order as f, that is 6™/2 where n = 4 for the KdV models and n = 3 for the
ILWE and BO models. The y-dependence is now reintroduced through the following

Lemma:

Lemma 3. The approximate model equations for small amplitude and long or in-

termediate long wave regimes have the following general form

D 2
N + cone + 0" 2 l%n + <%8§ - ZfT) 8;177] + nonlin. terms=0, (5.7.1)
0 0

where R(k) is an appropriate odd function.

Proof: Since ¢, < ¢, from the symmetry of the original equations it is clear that
when extending the gradient there will be no 9, contributions in the nonlinear part of
the equation, since 9, would not contribute to the leading order of the nonlinear part.
The contribution of J, in the dispersive part of the equation could be determined

from the extension of the dispersion law. The dispersion law in principle is given by
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some model-related odd function R(k) - like in (5.4.10) where R(k) = —%kg, and

in addition - a Coriolis contribution, given by the f? term,
@*(k) = gk® + 6" [kR(k) + [?] . (5.7.2)

The leading order term could be extended in the two-dimensional case noting that

k2 — k2 =k2 + k2, or taking into account the scaling
k* — k% + 5"/;3 = 6% (K* + (5”*2165)
hence
0*(k, k) = cok® + 6" 2 [cgk:z + kR(k) + fQ] . (5.7.3)
The evaluation of the square root up to 6" 2 gives

Rk) | coby  J?

~ _ n—2
Ok ky) = cok 0" 5+ S Sk |

(5.7.4)

The equation for 7 is of the form 7, = i@ (D, —id,)n+ nonlinear terms, that is (5.7.1).
U

Therefore the addition to the model equations in each case is

Note that the y-derivatives term and the Coriolis term are both of the same order.
The main results, following from the Main Theorem and (5.3.3)-(5.3.4) with the
y-dependence extension from Lemma 3 therefore can be summarised into the fol-
lowing corollaries about the approximate models describing the time-evolution of

the internal wave in two dimensions:

Corollary 4. (a) In the case of small amplitude (of order 6%) and long-wave regime,
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the approzimation gives the KP - Ostrovsky type equation

Q2C 3coas Co f2 _
T 62 TXIT 52 2 x (52 _82 —_ a 1 — O 575
7715 + CDT] + 2061 77 051 (77 ) + 2 y 200 T 77 ) ( )

(b) In the case of small amplitude (of order §) with parameter ag of order 6 or
smaller, and long-wave regime, the approximation gives the mKdV - KP - Ostrovsky
type equation

5 CoQ 3cox
77t+60771’+5 20 27796:(:30"'5 03
o%1

Co
2041 M — 628 (013 + 80‘151) ( )x

2
o S o
+ 02 (2ay 260) 8:'n=0. (5.7.6)

By taking formally f = 0 in (5.7.5) one can recover the corresponding Kadomtsev-

Petviashvili (KP)-type equations, [52, 60, 65].

Corollary 5. (a) In the case of small amplitude (of order §) and intermediate long

wave regime, the approximation gives the ILW - Ostrovsky type equation

h 3c c 2N\
N+ Cone — 0 Opp T e — 2h01m]m +0 (5065 > ) 9,'n =0, (5.7.7)

and,

(b) In the limit h — oo, the previous model becomes the BO-Ostrovsky type equation:

h
OP 1‘3’x— 3¢

2
N+ cone — 0 ho My + 6 (%aj — f—) 9, 'n=0. (5.7.8)

2 1 2C0

5.8 Discussion and conclusions

A consistent approach has been presented for the derivation of the simplified long-
wave and intermediate long-wave models (5.7.5)-(5.7.8) based on the extension of
the Hamiltonian approach in the irrotational case [30, 31]. A similar Hamiltonian

approach has been successful for treating internal waves with shear currents [15, 16,
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17, 18, 19, 47]. For surface waves the derivation is analogous, only the Hamiltonian
Hy is the corresponding Hamiltonian for the propagation of surface waves.

The obtained approximate models are integrable only in the special case of f = 0,
and they are not integrable in the situation that includes the Coriolis forces. Never-
theless the structure of the equations usually allows several conservation laws (like
“mass” and “energy” ) and also allows the application of the soliton perturbation
theory to the soliton solutions of the corresponding integrable equations [40]. In
addition, the structure of perturbed integrable equations has certain advantages in

the development of numerical methods for these equations.
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Chapter 6

FUTURE WORK AND OPEN
QUESTIONS

This thesis presents a description of internal geophysical wave models using the
Hamiltonian formulation. Two main incompressible and inviscid water wave systems
were considered. The first system was comprised of two discrete rotational fluid
domains with a depth-dependent current separated by an internal wave bounded
below by a flat bottom and on top by a lid. The second model was also comprised
of two discrete fluid domains, but in this case the domains were considered to be
irrotational and current free. Approximate models were derived using linearisation
and perturbation techniques. The governing equations are Euler’s equations.

For the intermediate long wave propogation for internal waves in the presence of
currents, a realistic oceanic representation was considered. Vorticity and Coriolis
forces were also taken into account. Using the Hamiltonian approach, and intro-
ducing Dirichlet-Neumann operators and interface quantities, the Hamiltonian was
derived in terms of interface quantities only. Equations of motion were found to
be 'nearly’ Hamiltonian. Canonical equations of motion were established by a vari-
able transformation. The importance of the introduction of the interface quantities

means that the dynamics in the bulk can be obtained analytically from the dynamics
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of the wave.

The ILWE approximate model equation was then derived. In order to achieve this,
the system quantities were nondimensionalised and the introduction of a small arbi-
trary perturbation parameter, €, established a small amplitude approximation with
linear equations of motion. The introduction of a second perturbation parameter, 9,
established a long-wave model. A solitary wave solution was then identified which
depends on the model parameters.

For the second system, the Coriolis effect on the internal wave propagation following
the idea of the “nearly” Hamiltonian approach was examined, suggested in [20] but
in a different setting, generalising the Hamiltonian approach of Zakharov [88]. The
Coriolis effect is present both in the ocean and in the atmosphere. A derivation of
the model equations for the internal wave propagation taking into account the Cori-
olis effect was performed. Two propagation regimes were examined, the long-wave
and the intermediate long-wave propagation with a small amplitude approximation
for certain geophysical scales of the physical variables. The obtained models are of
the type of the well-known Ostrovsky equation and describe the wave propagation
over the two spatial horizontal dimensions of the ocean surface. The main aim of
this work was to illustrate the mathematical usefulness of the Hamiltonian approach
in a systematic study of the internal wave propagation, rather than to present new
equations on internal waves. The approach could be used in further studies, includ-
ing detailed analysis with higher order approximations or effects, not included in
this thesis.

An interesting area of active research is the development of theoretical models for
internal waves with currents over a variable bottom. For example, the article written
by Ivanov, Martin and Todorov, [49], presents a derivation of a model equation
(with variable coefficients) of the KdV type which describes the propagation of
interfacial internal waves in two-layer domains in a flow with a variable depth and

a flat surface in the presence of currents, vorticity (wave—current interactions) and
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density stratification.

The general KAV type equation derived in [49] takes the following form

a1x as(c — k)?
)

C2 <2(C — H) + 011F> 77X+<C2CX - HC(C — /{) + —277999
aq aqC

«
+ <3a—3(0 — li)2 +3au(c — k) + CY1046>77776 =0
1

where, given the small amplitude parameter ¢ = Mm—h‘”' and long wave parameter
_h
0 =7,
0=-R(X)—t,
€
and X = 6.

Note: R(X) is a function such that R'(X) = 1(X).

This general equation in various limits leads to several known simplified cases with
variable bottom, like the irrotational case, the single layer case with and without
background current, which goes back to the well-known work of Johnson [51].

The equatorial waves and currents in the equatorial Pacific Ocean, where the so-
called Equatorial Undercurrent (EUC) resides and where the abyssal hills are the
most abundant seabed structures near the equator, provide an example for a poten-
tially realistic situation.

It is worth noting that Ostrovsky and Helfrich’s paper [78] provides a discussion on
some interesting properties of soliton dynamics in a two layer, rotating fluid over a
variable bottom, with Coriolis force included. They discuss the cumulative effect of

Coriolis force and variable bottom for internal waves.

The published article [34], (co-authored by the thesis author) has been independently

cited by several articles, where a range of topics are discussed. Some of these articles
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are noted here for reference:

e Martin, C.I., 2021. Azimuthal equatorial flows in spherical coordinates with

discontinuous stratification. Physics of Fluids, 33(2), p.026602.

e Fan, L., Liu, R. and Gao, H., 2023. Hamiltonian model for coupled surface
and internal waves over currents and uneven bottom. Physica D: Nonlinear

Phenomena, 443, p.133558.

e Geyer, A. and Quirchmayr, R., 2022. Weakly nonlinear waves in stratified
shear flows. Communications on Pure and Applied Analysis, 21(7), pp.2309-
2325.

o Li, G., 2023. Deep-water and shallow-water limits of the intermediate long

wave equation: from deterministic and statistical viewpoints.

The results of a second published article, [35], also co-authored by the thesis author,
will be used in the forthcoming works of Prof. Rossen Ivanov and co-authors, about
internal waves interacting with surface waves under the influence of the Coriolis
force.

Further areas for future work include -
e Model equations including meridional varations.
e 3-dimensional models.

e Models with both vorticity and Coriolis Force.
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Appendix A

Euler’s equation in a non-inertial frame of

reference

Considering an inviscid fluid, with two-dimensional flow in the x—y plane and with a
free surface at y = 0, situated on the surface of Earth. For the non-inertial ‘spinning-
Earth’ frame of reference, as shown in Figure A.1 (¢f. [26]), it is noted that z; is
considered eastward, xo is considered northward and x5 is considered perpendicular

to the surface.

Figure A.1: The rotational frame of reference

For an observer in an inertial frame of reference the measurements determined by

the observer in the rotational frame of reference must be adjusted as follows [39, 74]
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(where the subscript rot means in the rotational frame of reference)

D D a2
(%)in:<F?)m+29xu+9x(ﬂxr)+(%xr) (A1)

where €2 is the Earth’s angular velocity and r is a position vector, as shown in Figure
A.1. The term 2€2 x u is the Coriolis acceleration, £ x (€2 x u) is the centripetal
acceleration and the final term, which is related to the rate of change of €2, can be
ignored due to the assumption that time-scales involved are short compared to the
time-scale over which € changes. By dropping the rot subscript notation (A1) can

therefore be written as

D 1
F?—FQQXI‘—I—QX(QXI‘):—;VP—i—g

where g = (0,0, —g) is the Earth’s acceleration due to gravity and

P = pgy + p + Patm (A2)

is the total pressure given as hydrostatic (due to gravity), dynamic and constant
atmospheric pressure terms respectively. This is Euler’'s Equation for an incom-
pressible fluid (that is the inviscid form of the Navier-Stokes equation for an incom-
pressible fluid). Alternatively, by using the Eulerian derivative, the equation can be
written as

1
w+ (- Vu+22xu+Qx(Qxr)=—-—-VP+g
p

For the two-media system under study the following Euler equations will be used to

establish the Bernoulli condition:

1
u;+ (W.V)u +22 xu; + Q2 x (@ xr) = —p—VP1 +g (A3)
1

1
w+ (u-Vu+20xu+Qx (Qxr)=—-VP+g. (A4)
p
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Appendix B

Expansion of the Dirichlet-Neumann Operator

Using the approach in [31] the velocity potential p(z,y) for a single medium system

can be represented by

or(r,y) = a(k)e ™™ 4 b(k)e et (B1)
where
o o—kh
a(k) = = and b(k) = T —
Using the definition of tanh(z) in Appendix ?? it is noted that
a(k) — b(k) = tanh(hk) and a(k) + b(k) = 1. (B2)
Consider that
—i(gpk(x, y))ac = —i(ika(k)ekyeikz + ikb(k)e’kye"k“) = k(apk(a:, y))
Remark. As a result of the previous equation the operation D = —i0, is equiva-

lent to multiplication by the wavenumber k, that is, the differential operator D has

an eigenvalue equivalent to the wave number.
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At the surface y = 1 therefore the surface potential
&(2) = oz, () = a(k)e™e™ 4 b(k)e *1ek, (B3)
At the shear surface y = 0 therefore
or(x,0) = e (B4)
The surface potential & given by (B3) is Taylor expanded about n = 0 giving

1 1
() = 9ul,0) + k(.00 + oyl O + .
The following are calculated

o(z,n) = K° (a(k)ekn i b(k)e—kn> gk
¢r(x,n) = k' (a(k)ek" — b(k)efkn> ¢k

and gp’k’(;p’ 77) — /{32 <a(k‘)ekn + b(k‘)e_k"> eilm,
therefore

or(2,0) = k° (a(k‘) + b(k:))eik“”,
Ph(.0) = K (ak) - b(k) )™,

and ez, 0) = k*(a(k) + b(k)) e
Note the sign of b(k) is positive for even order derivatives and negative for odd order

derivatives the expansion is given as

gmw=§:%wwm%ww+WMMﬁm. (B5)

j=0
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The Dirichlet-Neumann operator (3.3.7) is written as

GM)&k = —Ne(Pra)s + (Pry)s- (B6)

The following partial derivatives (¢y), and (¢x), are calculated

((Pk)x = ikSOk(xa y)
and (Pr)y = k(a(k;)ekye“” + (—1)b(k’)e’kyeikx>.

Applying these to (B6) and using the expansion of & (z) from (B5) gives

Gln)és = 3 =ikl (alk) + (~1)0)) ™

Jj=0

+) k%nﬂkﬂ' (a(k) + (=)' (=1)b(k)) e

720
which can be written as

Gn)é&k = Z —inz%njkj+l (a(k;) + (—1)jb(/€))eikm

Jj=0

+2 %nj K7 (a(k) + (=17 b(R)) e (BT)

Jj=0

The left hand side of this equation can be expanded in terms of orders of 1, that is

G =3~ G) (B3)
which means
Gl = | 360w | 5w () + -0)e ] (mo
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Combining (B7) and (B9) therefore gives

{i G “’)} [i %”j K (a(k) + (—1)jb(k:))e“”}

Z Jkﬂ“ (a(k) + (—=1)7b(k))e*®

£ LR alh) + (100 (B10)

By examining this equation it can be seen that the order of 1 is equal to j. Also, j
gives the term of the expansion of G, that is GY). By choosing different values of j
the terms in the expansion of G(7n), in terms of different orders of 7, can therefore
be determined.

Letting j = 0 (B10) becomes
{G@)] [(a(k:) + b(k))e™ | = —ink(a(k) + b(k))e™ + k(a(k) — b(k))e™
and using the identities in (B2) gives
GO¢kr — _in, ke 4 k tanh(hk)e'*™.

Looking only at terms that are constant (noting that G(© # G (), that is it is a
constant) gives

GO¢** — [ tanh(hk)e™ .

In terms of the operator D therefore

G® = Dtanh(hD). (B11)
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Letting j = 1 (B10) becomes

[G“’) + G<1>(n)] {(auf) +b(k))e™ + nk(a(k) — b(k))e™
= { — ink(a(k) + b(k)) + k(a(k) — b(k))

— innk® (a(k) — b(k)) +nk®(a(k) + b(k)) | ™
and using the identities in (B2) gives

GO + G (n) + GOk tanh(hk) + GV (n)nk tanh(hk) | ™=

= | —ingk + ktanh(hk) — inynk® tanh(hk) + n(z)k* | ™.
Looking only at terms that are linear in 7
G(l)(n)eilm + G(O)nk tanh(hk)eikx = —ingke™ 4 nkZette.

Now

therefore

G(1)<n>ezk:r + G(O)nk tanh<hk)eikz — _Z(nkezka:)x

In terms of the operator D therefore

GY(n) = DnD — GOpGO. (B12)
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Letting j = 2 (B10) becomes

[G“’) +GW(n)+G? (n)} [(a(k‘) +b(k)) +nk (a(k)—b(k)) + %n%? (a(k) +b(/f))] ek
= { — ingk(a(k) + b(k)) + k(a(k) — b(k)) — in.nk®(a(k) — b(k))

1 1 ,
+ nk*(a(k) + b(k)) — inxﬁan:g (a(k) + b(k)) + 57721{:3 (a(k) — b(k))} ek
and using the identities in (B2) gives

1
GO + GOyk tanh(hk) + G(0)§n2k2 + GY(n) + GY(n)nk tanh(hk)
1 1 .
+ G(l)(n)§n2k2 + G (n) + G (n)nk tanh(hk) + G(2)(77)§n2k;2} e'he
= | —inyk + ktanh(hk) — in,nk* tanh(hk) + nk?
1 1 ,
— inx§n2k3 + 57721@3 tanh(hk)} etk
Looking only at terms that are quadratic in n gives

1 1
51{:27726?(0) + GO (n)nk tanh(hk) + G (n) = —innk* tanh(hk) + 5772]63 tanh(hk)

therefore

1
G¥(n) = —%k%?G(O) — GY(n)nk tanh(hk) — ingnk? tanh(hk) + 5772]63 tanh(hk).

In terms of the operator D, and by inserting the definition of the term G™(n) from

Equation (B12), this means that

GP(n) = —%DZUQG(O) — DnDnGY + GG OGO + DyDGO — %G(O)nQDQ.
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Cancelling terms appropriately gives

1
G(2)(77) = —§(D2772G(0) —2G9G G + G(O)n2D2).

For a system with two layers the operators are therefore

G = Dtanh(hD),
G\” = D tanh(h, D),
GO (n) = DD — GG,

GM () = —DnD + GG,
1

G®(n) = —§(D2T)2G(O) —2GOpGOGO 4 G(O)TIQD2),
1
and G () = —5 (DG — 260G "G + G D?)

noting that the two linear terms have different signs due to the fact that the wave

is at the bottom of the domain from the perspective of €2;.
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Appendix C

The operator 7,

The action of operators like 7, = —icoth(hD) is defined with the help of Fourier

transforms F,

0(k) = F Hu(x)}(k),  o(z) = F{o(k)}(z).
Then
Thv(z) = —iF{coth(hk)v(k)}(z)
and furthermore

1
V2T

— \/__;_ﬂ / e coth(hk) (\/LQ_W / e“”/v(x')dx’> dk.

By changing the order of integration and using some appropriate integrals from [42]

Tho(x) = —i / e** coth(hk)o(k)dk

for the integration over dk

1 > v
Trhv(x) = —%P.V. /_OO coth Tv(w )dz'.
When h — o0,
m(x — ') 1 2h 1
= coth T T, 2 -
2n < on 24 m(x—2a) 7(zx—2a)



and 7;, becomes the Hilbert transform, H

Tro(x) = H{v}(x) = P.V.2 / ~ vz’

™

—.
o T—T
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Appendix D

The KdV equation for internal waves with

currents

The propagation of internal waves with currents in the KdV regime ¢ ~ 6> < 1 has
been derived in [15]. Without the assumption that h;/h is small, the equation for

the elevation n(X,T) is

Aay 3c%as + 3cajay + alas
_— =0. D1
nT+C77X+€041(20+F041)77XXX+8 ap(2¢+ Tayg) T (D1)
where
hhy h?hi(ph 4 pihy) phi — pih?
= —————, ap = R az = ————,
pih + phy 3(p1h + phy) (prh + phy)
Yp1h + yphy 2 2
g = PO, D2
o i 5=y — p1i (D2)
oI’ a2l?
CI—%i\/ T tale—pg.

With the further assumption % = ¢ < 1, the values of the constants become:

hy phh? 1
o~ —, O ~ PR a3 ~ ——,
P1 3p1 p1
Ml (W2 (p—pi)gh 0%
1 - M 1
ary, as=pY —pi, c=—5— [ :
2p 4py p1



Note: ¢ coincides with (5.6.4), the wave speed of the ILW equation. The KdV

equation acquires the form

(D)
or
nr +cnx +eBinxxx +eAnnx = 0, (D5)
with
B, = ¢*phhy ’ A —=3p1% + 3pithimic + " (py* — p1d) ’
3(2¢cp1 +Thy) hi(2cp1 + Thy)

moreover 4 coincides with the expression from (4.4.15) and B; = hi3/3.
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Appendix E

The KdV solitary wave solution

The KdV equation (D5) from the previous Appendix D
nr + cnx +eBinxxx +eAnmx =0

describes a balance between the non-linearity term 77y, which tends to steepen
the wave profile, and a dispersion term 7xxx which essentially counteracts this
steepening. The solitary wave is one of permanent form for which this balance is
maintained. That is, for the KAV regime € ~ §% < 1 the interplay between nonlin-

earity and dispersion produces smooth and stable in time soliton solutions.

The solution to the standard/canonical type of KAV equation

nr +nxxx +6nnx =0 (E1)
is well known and takes the form
n(X,T) = 2k? sech?[k(X — 4k*T)]. (E2)

This represents a sech? type solitary wave with amplitude 2k? travelling at a speed
of 4k*. Using a technique described in [52], the KdV equation (D5) can be solved.

The appropriate Galilean Transformation and scaling procedure gives the one-soliton
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solution as

12B, K*
A

n(X,T) =

This describes a solitary crest of amplitude

128, K>
A
moving with speed
c+ €4K281.
The correction to the speed c is
84K281

which is related to the amplitude through K.

sech?[ K (X — Xy — (c +e4K?B,)T)).

(E3)

A visualisation of the one-soliton solution of the form (E2) can be seen in Figure

E.1 where k£ = 0.5 and ¢t = —10.

051

0.4

034

014

=20 -10 0 10 20

Figure E.1: Graph of 1-soliton solution

Using Maple, an example of a 2-soliton solution of the KdV equation is shown in

Figure E.2, as described in [56]. Travelling from left to right, the taller, faster soliton
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catches up with the shorter one and they collide at ¢ = 0. Following the collision,
the solitons re-emerge retaining the shape and speed of the initial two waves but
the collision causes a position or phase shift such that the faster soliton gets shifted
forward and the slower one backward, indicating a type of nonlinear interaction
occurring in the 2-soliton solution. Figures E.3 and E.4 depict the same 2-soliton

solution, but plotted as a surface over the x,t plane.

These solutions exist not only theoretically but also as physical phenomena which

can be observed as surface or internal waves.
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Figure E.2: A 2-soliton collision
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Figure E.3: The 2-soliton solution depicted as a surface over the x, ¢ plane
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Figure E.4: The 2-soliton solution with z,t plane as viewed from above. Moving
from top to bottom gives the passage of time. The solitons collide at ¢t = 0.
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There are infinitely many different solutions to the KdV equation (E1). For Soli-
ton theory, and particularly the KdV equation, these are known as pure n-soliton
solutions and can be produced from an algorithm as shown in [56]. Given any n-
soliton solution 7(X,T") to the KdV equation, a function 7(X,T') can be found in

polynomial exponential form

n

T(X,T) =Y et ¥ b7 (E4)
i=1
such that
9 QTTXX — 27’){2
n(X,T) = 20x"log, (1) = — 2 (E5)

Details regarding the soliton theory and multi-soliton solutions of the ILW and BO
equations can be found in a number of works of which the following are mentioned

[?, 55, 59, 67, 81].
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