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Hamiltonian Formulation of 2 Bounded
Immiscible Media with Constant Non-Zero
Vorticities and a Common Interface

Alan Compelli
November 30, 2014

Abstract

We examine a 2-dimensional water-wave system, with gravitation-
ally induced waves, consisting of a lower medium bound underneath
by an impermeable flat bed and an upper medium bound above by an
impermeable lid such that the 2 media have a free common interface.
Both media have constant density and constant (non-zero) vorticity.
By examining the governing equations of the system we calculate the
Hamiltonian of the system in terms of it’s conjugate variables and per-
form a variable transformation to show that it has canonical Hamilto-
nian structure.

1 Introduction

In 1968 Zakharov published a paper |1] showing the canonical Hamiltonian
structure of an infinitely deep irrotational fluid system, i.e. with zero vortic-
ity, with a free surface with gravitationally induced waves. Further relevant
studies of the irrotational case were carried out in [2], [3], [4], [5], [6]. At the
beginning of the 19th century Gernstner 7| had studied vorticity and more
recently there have been several papers of interest which consider the rota-
tional case, i.e. with non-zero constant vorticity, e.g. [8], |9], [10], [11], [12],
[13], [14], [15], [16], [17]. In particular Constantin et al. [18] showed that
a consideration of non-zero vorticity gives a nearly Hamiltonian structure
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Figure 1: The system under study

(with a linear dependency on a vorticity term). Wahlén [19] then showed
that, in fact, the system does indeed have fully Hamiltonian structure, which
can be transformed into canonical form.

A consideration of a system consisting of 2 unbounded media with a free
common interface was given by Benjamin and Bridges [20], [21]. Craig et
al. [22], [23] considered an irrotational system consisting of a lower medium
bound underneath by a flat bed and an upper medium bound above by an
impermeable lid such that the 2 media have a free common interface and also
the case in which the upper media itself has a free surface. The aim of this
paper is to show that, in the rotational case, the 2 media bounded system
has canonical Hamiltonian structure.

2 Preliminaries

As per Figure 1 we define the lower medium € as the domain {(z,y) € R? :
—hy <y < n(z,t)}, the upper medium Q5 as the domain {(x,y) € R? :
n(z,t) < y < hy} and the entire system  as the domain {(x,y) € R? :
—hy <y < ho} where {y = n(x,t)} describes the elevation of the common
interface. The subscript ¢ will be used to denote evaluation at the common
interface.

We use the subscript notation i = {1,2} to represent the lower and upper
media respectively and thus can consider a velocity potential ¢; which is



defined by:
uz f z%p'i — Wiy (1)
Uy = Oy@;
where non-lateral velocity flow, with propagation in the positive z-direction,
is given by Vi(z,vy,2) = (u;,v;,0) and w; and w, are the respective non-zero
constant vorticities.
Additionally, the stream function 1); is introduced, defined by:

i = =0yt

p1 and ps are the respective constant densities of the lower and upper media
and stability is given by the condition that p; > ps.

We assume that for large || the amplitude of 7 attenuates and hence make
the following assumptions

lim n(z,t) =0, (3)
|z|—00
|z]—o0
and
—hy < n(z,t) < he for all x and t. (5)

3 Governing Equations
We write Euler’s momentum-conserving equation as:

1

HVi+ (ViV)Vi=—-—VP +g (6)
where P, = p;gy + patm + Pi is the pressure at a depth y, pyty, i (constant)
atmospheric pressure, p; is the dynamic pressure due to the wave motion, ¢
is the acceleration due to gravity (where y points in the opposite direction
to the center of gravity) and g is the force due to gravity per unit mass.
Applying Equations (1) and (2) this can be written as

Pi

V(at%' + %(V%‘)Q - Wﬁi) = V( — gy — E) (7

~—



where V = (0, 0,).

At the interface p; = po = p. therefore we write Euler’s equation in terms
of the velocity potentials, stream functions, densities and vorticities as the
energy conserving equality

¥ ((0up1)e + 5(T60)2 s + )
1
= 22V ((O1p)e + 5(T0)2 e +-gm) =0, (8)

where x; is the stream function evaluated at the interface.
The following Bernoulli condition at the interface follows from assumptions

(3) and (4):

p1 ((@901)0 + %(V@Dl)? —wix1 + gn) = P2 <(0t902)c + %(V%)? — waX2 + 977)-
(9)

We will also use the following kinematic boundary conditions

0m — 0un(wim — (0ai)c) — (Dypi)e =0
{ ay(@l)b = 8y(s02)l =0 (10)

noting that Vy(x, —hy,0) = (u1,0,0) and Va(x, he,0) = (uz,0,0), where the
subscripts b and [ denote evaluation at the bottom (lower boundary) and lid
(upper boundary) respectively.

4 Hamiltonian of the System

If we consider the system under study as an irrotational system the Hamil-
tonian, H, is given by the sum of the kinetic and potential energies as:

n ha
1 1 1
H = 5/ / 1 (V1) dy dr + 5//P2(V902)2d3/d~73 +3 /(m — p2)gn’ da.
R n R

o (11)



However, as we are concerned with the rotational case the Hamiltonian (not-
ing the additional vorticity related terms) is given by:

n ha
1 1 1
= 5//pl(Vsol)zdydw+§//pz(sz)Qdydw+§/(pl—pz)gnde
R —hy R 7 R
n ha
- / / p1w1y0y 1 dy dx — / / pawayOypo dy dx
R —hy
//plwly dy dx + - //pzwgy dydz. (12)

R —hy

Using the Gauss-Green theorem, and introducing &; := (¢;). = @i(x, n(z, t), t)
as the interface velocity potential, we can write the first 2 terms of (12) as

//P1 Vir1)? dy dx + - //P2 Vio)? dy da

R —hy
/plfl 1V 1+ (0.n)% do — —/pzfz ho P2/ 1+ (0.n)%dz (13)

where 0, p; is the normal derivative of the velocity potential ¢;, at the sur-
face, for an outward normal n,.
Next, we introduce the Dirichlet-Neumann operator G;(n) given by (see [3],

23])
Gi(n)& = On,0iv/ 14 (021m)?, (14)

and hence we can write the first 2 (kinetic energy) terms of (12) as

//P1 Vi) dyde + = //pg Vo)? dy dx

R —hy

1

. 5/[)151@1(77)51 dx + %/025202(77)52 dz. (15)

R R



Using the kinematic boundary conditions from (10)

{ G1(n)& = —0:n(02p1)c + (Dy1)e = Opn — winen), (16)
Go(n)&a = 0un(0up2)e + (Oypa)e = —0im + wandan

we get

Gi(n)é& + G2(n)&2 = (w2 — wi)ndun. (17)
We introduce [20], [21]

§ = p1&1 — P22 (18)

and hence we can write

(P1G2(n) + p2Gi(n)) €2 = —GrL(M)E + pr(wa — w1)ndan. (19)

Also, we introduce

B = p1Gy(n) + p2G1(n) (20)
and thus we can write

{ & = B (Ga(n)€ + pa(ws — wi)nden) (21)
& = B (= Gi()€ + pr(wa — wi)nden).

Using (17) the first 2 terms of (12) become

l/ﬂlﬁlGl(n)ﬁl dx + % /P2§2G2(77)§2 dx

2
R R

1
= %/M&Gl (m)&1 dx + 5 /m&((wg —wy)nd.n — Gy (77)51) dx

R R
1 1
=3 /fGl(ﬁ)fl dz + 5 / pa(w2 — wi)€nd,n d, (22)
R R
and inserting the expressions for & and & from (21) we obtain

=1 [ Gam)ed + 5 [ paen — i s da
R

R

1 1
—5/pa(Wz—wl)B‘lGl(n)fnawd:H5/mpz(a&—wl)zné’an‘lnazndér-
R R



We can cancel the second and third terms because the operators G; and B
are self-adjoint [22], [23], therefore

n ha
1 1
5//pl(Vgpl)Qdydx—l—5//p2(V<,02)2dyd:v
—h1 R n

R

2

= %/f(Gl(n)B_1G2(7l>>§dﬂf‘i‘1/P1P2(u}2—w1)27781773_17781ndx. (23)
R R

Next, we will re-write terms 4 and 5 of (12) using the following lemma.

Lemma 1. For a function F(x,y) which is continuous over Q0 with h(x)
defined as follows

n(z)
h(z) = / Flx,y) dy

the derivative with respect to x can be expressed as [18]

n(x)
P(z) = /Fx(w,y) dy + Flz,n]0.1.
0

Using this lemma we let F' = y¢; and hence

n n
/ y@mgol dy = aa; [ / Yyp1 dy] - 517739577- (24)

—h1 —hy

The first term on the right-hand side is zero due to assumption (4). Similarly

(noting the sign difference on the right-hand side as 7 is the lower limit for
09)

ha

/ YOup2 dy = &am0,n). (25)

n



Therefore

n ha
—/ / p1w1Y0z 1 dydfc—//pawzyam dy dx
R R 7

—hy

:/(lelflnaaﬂ?—P2w2§277@x77)d$- (26)

R

Now, inserting the expressions for &; and & from (21) gives

prn&indyn — paws€anden = pran B (Ga(n)€ + pa(ws — wi)ndyn) ndan
— pQWQB_l( -Gy (77)5 + Pl(WQ - w1)773a:77)775x77- (27)

Expanding this out gives

pru1&ndsn — pawabanden = n0yn B~ (P11 Ga(n)E + pawaGi(n)€)
— p1p2(ws — wl)Qn(‘?an_lné‘xn- (28)

Therefore
n ho
—//lelyaﬂ@l dydfc—//pawzyam dy dx
R —hs R 7
= / (n@mB‘l(mlez(n)SerngGl(n)é)—plpz(Wz—wl)Qné‘wB‘lnﬁw>d:v-
R

(29)

Finally, we write the final 2 terms of (12) as

n ha
1 1 1
3 / / oy’ dy do+ / / pany” dy du = = / (P —pawi)’ da. (30)
R R 7 R

—h

Therefore, by substituting (23), (29) and (30) into the expression for the
Hamiltonian given in (12) we get the Hamiltonian of the system in terms of
the conjugate variables (1, ) (noting the combination of the second terms in



(23) and (29))

N

H(n,&) = /f(G1(7])B_1G2(77))5dx + % /(m — p2)gn* dx

R R

1

— §/p1p2(w2 — wl)zn&;nB_ln&m dx
R

1
+ /UaxﬁB_l(pllez(n)f + pawnG1(n)€)dx + 6 /(lef — pawi)n’® d.
R R
(31)

5 Hamiltonian Equations of Motion

Using the Hamiltonian in (12) the varied Hamiltonian is given by

0H = //pl Vi1).Vip dydx+//pz Vip).Vipy dy dx

R —h1

1 1
+3 /pl(Vsm) ondu — §/p2(V902) 5ndw+/(pl — p2)gn on dx

R

R
n ho

//p1w1y5 1 dydx—//p2w2y§ o pa)dy dx

R —h

n

- / (P1017(Dapr) = pawan(Oaspa) ) On da + 5 / (prwin® — pawin®)on da.
R R
(32)



Applying Lemma 1 to the following (£2;) term in the varied Hamiltonian
gives

n
—//lelyé(ax%)dydf

R —hy
n

:—/895 /p1w1y5g01 dy dx+/p1w1778xn(5g01)cdx. (33)
R

—h1 R

The first term on the right-hand side is zero as 6@;|jz|—00 = 0 since (¢;). — 0

as |z| — oo and hence, also applying Lemma 1 to the equivalent term in s,
we can write

—hy

Ui ha
5H=//p1(V¢1)~V5901 dydw+//p2(vsoz)~V5s02dydw
R R

n

1 1
+3 /pl(V%)?én dr — 5 /pz(W)z)?én dx + /(m — p2)gnon dx

R R R
+ / P11N0:n (01 ). dx — / Pawan0pn(0p2). dx

R R

2

1
- / (prwin(0201), — powan(Dnp2).)on dz + = / (prwin® — pawin®)on da.
R R

(34)

Gauss’ theorem is used to expand the following (€2;) term in terms of the in-
terface and the upper and lower boundary normals, noting that the variation
in the velocity potentials at the boundaries, (J¢1), and (J¢2);, are zero:

/ / (V1) Voo dy di = / (0y01)e — (Dup1)edum) G )odr. (35)
—h1 R

R

10



Also expanding the equivalent term in €2y gives

0H = /p1<(ay§01)c - (ax¢1)caxn) (5901)cd$

1
+ /P2((3y<ﬂ2)c — (02402) 0 (602) cd + 5 /pl(wl)i ondx
R R
1
- §/p2(V902)35n dx + /(m — p2)gn 0n dx + /plwm@xn(&m)cdx
R R R

- / paw2nOzn(dp2). dx — / (pro1n(Bapr1), — powan(Dzip2),) 0n da
R

R

1
+3 / (mwin® — pawin®)onde.  (36)
R

Next, we express the variation in the interface velocity potential as

0((pi)e) = (Oypi)cdn + (3i)c (37)
= (&pl)c - 5§z - (@y%‘)c(SU, (38)

and hence the varied Hamiltonian can therefore be written as

(5H:/[—Pl(ay%)c((aysm)c—(@x%)caxn)+,02(3y802)c((ay@z)c—(ax%)caxﬁ)

1
2 — = 02(Vp2)2 4 (1 — p2)gn — prann (D 1) D+ pawan)(Dyp2) Ouny

1
+—-p1(Vr) 5

2

1 1
= (1) + powan(Dapa) . + 51N — 5/)%}3772} on dx

= [ [wmaw T (Oyer). - <axso1)cam] 56, da

R

- /pz {wzn&er (Dyp2)e — ((‘395902)@&:77} 6o dz. (39)

R

11



Fixing & and & we can see that the functional derivative of the Hamiltonian
with respect to the interface function, n, is

577H = =M (aygpl)c((aysoﬁc - (amﬁol>cazn) +p2(ay902>c ((ay@2)c - (833902)68:67])

1 1
+ 501 (V1): =5 p2(Vep2);+ (1= p2) g — pronn (Oy01) Dan+ pawr (D p2) e

1 1
= n(upr) + powan(Dapa) .+ 5pwin” = Spa’. (40)

Next, using the replacement

1

1 1
5/%(%&-)3 = §pz~(V%)3 — piwin(Oppi), + épz'%%f

we rewrite (40) as

5,H = —p1(0,01)((0y01)e — (0r01)es) + p2(By02). ((Dy2)e — (Dup2)oDun)

1 1
+—p1(le)i—§p2(sz)3+(m—m)m—pwm(ﬁys@l)canrpzwzn (Oyp2)c0:1.

2
(41)

Using the Bernoulli condition (9) we make the replacement

1 1
5P (VE1)Z = 5pa(Via)Z + (1 = p2)gn
= —p1(Orp1)c + p2(Op2)c + prwixs — pawaxa  (42)
which means we can rewrite (41) as

onH = —p1 (ay(:pl)C((aySOl)c_ (81901)089677) +p2(ay902)0(<8y902)c_ (ax802)cax77)

—p1(0¢01) etp2(0¢p2) c—prunn(Oypr) c0xn+pawan) (Oyp2 ) cOxn+prws X1— P22 X2
(43)

Recalling the kinematic boundary condition in (10) and multiplying across
by (9y¢:). gives

atn(ay‘:oi)c = (%%‘)3 - (az@i)C(aySOi)caxn + Wm(ay@i)caﬂcm (44)

which means we can rewrite (43) as

OnH = —p10m(0yp1)c + p20im(0yp2)e — P1(0p1)c + p2(0rp2)e
+ prwix1 — pawaxa. (45)

12



From (38) we use 0,§; = (Opi)e + (Oyi).0:m, therefore
OpH = —p10:&1 + p20,&a + prwixs — pawaXa- (46)
Noting that & := p1&; — p2&s this gives
OpH = —0,§ + prwix1 — pawaXa- (47)

At the interface, using (2), we can define the velocity components in terms
of the stream function for €2; as

(u1)e = _(8y¢1)c
{ (Ul)c = (axd]l)c (48)

and for Q5 as
(ug)e = —(0y1h2).
49
Lo s o (49)
However, at any moment in time any arbitrary point (x,y) at the interface
will be moving at a distinct velocity which can be measured independent of
knowing the vorticities or velocity potentials, i.e. (u1). = (u2). and (vy). =
(v2)., therefore
{ (aywl)c = (ay¢2)c (50)
(a;rwl)c = (asz)c

1.e.

(le)c = <V¢2)c (51)

which means that (¢1). and (). differ only by a constant. As potentials
are modulo an additive constant, again using assumption (3), as |z| — oo
then y; goes to zero as x; = x;(n) and hence (¢1). and (12). are equal, i.e.

X1 = X2, (52)

i.e. it is a natural physical fact that there is no flow through the common
interface. We define x := x1 = xo. Using this result, and introducing
W = pwy — paws, (47) can be written as

0§ = —6,H + wy. (53)

13



Recalling the varied Hamiltonian (39) and fixing n and using, from the kine-
matic boundary conditions (10),

Oy = Opnwin — axn(ar@i)c + (ay@i)c (54)

we get

6H|5n:0 = /Platn5§1 dx — /Pzatﬁ5§2 dr = /atﬂ(ﬂl5f1 - P25fz)d$'
R R

R

Therefore, recalling that & = p1&;—p2&s and as ¢ is additive 06 = p10&1—p20&s
this means

0H = | (=0 +wx)dndz + | o€ dz, (55)
/ /

R

which gives the non-canonical system

0§ = =0, H + wx
Lo an (50)

In order to prove that this system has Hamiltonian form we first derive the
following lemma.

Lemma 2.

xT

oH
= 5§<w/)dx ) (57)

—00

x(z,t)

Proof. From (10)

O = 0n(Oyvi)e + (Oxthi)e (58)
but, on the other hand (considering ¢ as a parameter)

%X(zv t) = i¢1(w7 77(957 t)’ t) = (axqujZ)c + an@biaxn = (axwz)c + (ay"vz)i)caxn-

d dx
(59)

14



Therefore, by comparing (58) and (59) (noting the following remark)

(w0 = [ o' 1) as' (60)
But, from (56)
, SH
om(z',t) = Se0) (61)
thus proving the lemma. O]

Remark. From the assumptions given by (3) and (4)
lim (¢(z,y,t)).=0= lim x(z,t) =0. (62)

Corollary 1. From Lemma 2
/atn(:v, t)dr =0 (63)
R

and therefore

/n(x,t) dx = constant. (64)
R
Remark. To calculate 7, the average of 1, the above constant will be divided
by an infinite length therefore 77 = 0.
Therefore we can write (56) as:

0 = =0, H +w |7 5y o’ (65)
From Wahlén [17] we know that this system of equations has a Hamiltonian
form 00 = (€. H)
S — 7H

where the Poisson bracket in [19] is defined as

{A’B}:R/ (st~ s ) [ (5?21)/ s )

R 0 )

One can verify that (67) satisfies all properties of a Poisson bracket. However,
this fact will be established by other means in the next section.

15



6 Canonical Hamiltonian Equations of Motion

The velocity potential at the interface, &, is defined modulo an additive con-
stant. We chose to transform it, as per the single media case [19], to a new
variable ¢ as follows

E¢=¢-5 [ i (63)
We show the system under study has canonical Hamiltonian structure by the

following theorem:

Theorem 1. The system under study is a canonical Hamiltonian system
described by the phase space variables n and C.

Proof. From (55):

0H = / (= 0 + wx)dnde + /&méé dx (69)
R R
and applying the variable transformation given by (68) gives
0H =
/ (—@C—g / @n(x',t)dm’+wx>5n(x)dx+/ 3ﬂ7(5§+% / 5n(x’)dx'>da:.
R —00 R —00

(70)

Using Lemma 2 gives

SH = / ( 9+ ‘—“’X)an(x> dz + /am(ag +2 / (') dx’)dx. (71)
2 2
R R —0o0
Next, using integration by parts we can write

x

/ atn( / 577(:1:’)d:v’>d$: { / on(z')da’ / 8t77(x”,t)dx”] j:

-/ / e e, (72



and, using Corollary 1 means the first term on the right-hand side is zero
and applying Lemma 2 to the second term means we rewrite (71) as

R

0H = / ( — 0, + gx)én dx + /8t775§ - g/xén dzx. (73)
R R

Noting the cancellation of the wx terms this gives the canonical Hamiltonian

system
8tC - —57]H

]

Thus, in general,

{AjB}:/<55A 5B 6A 53))% 75)

n(z) 6¢(x)  0¢(x) on(z

This indeed shows that (67) defines a (non-canonical) Poisson bracket in
terms of the variables (7, §).

Finally, using the transformation (68) we can write the Hamiltonian in terms
of the conjugate variables (1, () as

H(n,¢) =
%/ [C+g/n(fv’,t) dfv’] (Gl(n)B‘le(n))[CJrg/n(w’,t) dfv']dl’
R —00 —00
1 1
= | (p1— p2)gnPda — = (wo — w1)?*nd;nB~'ndyn d
+2R/P1 p2)gn” dx QR/Plp2W2 W1) N0zNb "N0N AT
+ [ n0nB (prenGam) [C+ 5 [ (e’ 1) da’
R/n Ui <P1UJ1 277[ 2477517 95}

T

+ounGim[C+ 3 [ at o] do s g [(pud - pudin’ de. (76

—00 R

17



7 Some Further Remarks

The case with periodic boundary conditions can be treated similarly to the
problem with decaying to zero conditions at £co0. The same results remain
valid when all quantities take values in the class of periodic functions of
period L. Then one can consider only a domain with 0 < x < L and replace
Jg dz with fOL dz. (68) changes into ¢ = & — % [(n(a’,t) — 7)da’ where
n = %fOLn(a:,t)dx is the average of 1. This is in order to preserve the
periodicity, since the potential ¢ is determined up to a constant. The details
are given in [19].

8 Conclusion

A closed water-wave system consisting of 2 immiscible media with constant
(non-zero) vorticities and constant densities separated by a common free
interface was considered where the upper and lower media are bound above
and below, respectively, by impermeable boundaries. By examining non-
lateral 2-dimensional flow, with gravitationally induced waves, the system
governing equations were used to derive the Hamiltonian form of the system
and the equations of motion in terms of phase space variables (7, ) with non-
canonical Hamiltonian structure. This was achieved by defining an interface
velocity potential, &, in terms of the respective interface velocity potentials
and constant densities of the 2 domains.

Moreover, by performing a variable transformation it was then shown that
the system actually has canonical Hamiltonian structure with canonical phase
space variables (7, (). Finally, the Hamiltonian of the system in terms of these
phase space variables was given.
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