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Spectral multiplicity of selfadjoint
Schrodinger operators on star-graphs with
standard interface conditions

SERGEY SIMONOV, HARALD WORACEK

Abstract

We analyze the singular spectrum of selfadjoint operators which arise from
pasting a finite number of boundary relations with a standard interface
condition. A model example for this situation is a Schrodinger operator
on a star-shaped graph with continuity and Kirchhoff conditions at the
interior vertex. We compute the multiplicity of the singular spectrum
in terms of the spectral measures of the Weyl functions associated with
the single (independently considered) boundary relations. This result is a
generalization and refinement of a Theorem of I.S.Kac.
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1 Introduction

In the present paper we undertake an analysis of the singular spectrum of self-
adjoint operators which are constructed by pasting a finite number of boundary
triples (relations) by means of a standard interface condition.

For the purpose of explaining our results without having to introduce too
much terminology, we consider a model example: A Schrédinger operator on
a star-graph. Consider a star-shaped graph having finitely many edges, say,
Eq,...,E,. We think of the edges as (finite or infinite) intervals E; = [0, ¢;),
where the endpoint 0 corresponds to the interior vertex. A selfadjoint operator
can be constructed from the following data:

(1) On each edge Ej, a real-valued potential ¢; € Li ([0, e;)).

loc

(2) Boundary conditions at outer vertices e;, if Weyl’s limit circle case prevails
for ¢; at e;.

(3) An interface condition at the interior vertex.
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The operator A one can associate with this data acts in the space H :=
n

1T L2(0,€;) as

1=1

(51 —uy qiul

Un —Up gnUn

on the domain

n
dom A := {(ul, ceyUp) € HLQ(O,@[) :
1=1
ug, uj are absolutely continuous, —u; + qu; € L2(0, e;),
uy satisfies the boundary condition at outer vertex (if present),

U1, ..., U, satisfy the interface condition at the inner vertex

(1.2)
A frequently used interface condition, sometimes called the “standard condi-
tion”, is

ur(0) = ... =up(0) and » uj(0)=0. (1.3)
=1

In the case “n = 2” the condition (3] arises when investigating a whole-line
Schrodinger operator with the classical method of Titchmarsh and Kodaira.

The task now is to describe the projection-valued spectral measure E of A
in terms of the scalar spectral measures u; of the non-interacting operators A,
l=1,...,n, which are defined by the potentials ¢; on the edges E; independently
(imposing Dirichlet boundary conditions at the inner vertex 0 for each of them).

A precise description of the absolutely continuous partﬂ FE,. of E, includ-
ing computation of its spectral multiplicity, is readily available. It states that
E,. is equivalent (in the sense of mutual absolute continuity) to the sum
M1,ac + =+ ln,qc Of the absolutely continuous parts of the measures j;. More-
over, informally speaking, the local spectral multiplicity corresponding to E.
is equal to the number of overlaps of 1 gc, - - -, fin,ac (for a precise formulation
see Theorem [[T]). These facts follow from [GT00, Theorem 6.6], a result which
can be viewed as a higher-dimensional analogue (and refinement) of one half
of Aronszajn-Donoghue theory for rank one perturbations. Namely, of the part
which asserts stability of absolutely continuous spectrum, cf. [Aro57, Theorem
1], [Don65, Theorems 2 and 6]@ Another approach proceeds via scattering the-
ory and uses a modification of the Kato-Rosenblum theorem [BK62, [Kat65], see
also [Yaf00, Theorem 1.9]. Since the operator A is a finite dimensional pertur-
bation (in the resolvent sense) of the operator €D, ; A;, wave operators exist
and are complete, which in turn means that the absolutely continuous parts of
these operators are unitarily equivalent.

INotice that the notions of absolute continuity and singularity of measures make sense
also if the involved measures have different ranges. Moreover, Lebesgue decompositions of
a projection-valued measure with respect to a scalar measure (in this case, the Lebesgue
measure) exist.

2See also [GT00, Theorem 3.2, (i)—(iii)] for a summary.



In the present paper, we describe the singular part E, of F, including a
formula for spectral multiplicity. Our main result is Theorem below (where
we provide the formulation for the Schrédinger case; for the general situation
see Theorem [1]). Again speaking informally, it says that:

(I) One part of E, appears where at least two of the singular parts p s of
the measures p; overlap. Where only one singular part 1 s is present, the
spectrum disappears.

(IT) For the part of Es described in (I), the local spectral multiplicity is equal
to the number of overlaps of pis,..., tn,s minus 1. In particular, the
multiplicity cannot exceed n — 1.

(ITII) The remaining part of E, is mutually singular to each of the spectral
measures f; and has multiplicity 1.

This theorem is a generalization and refinement of a theorem given by 1.S.Kac
in [Kac62]|§. He considered the case of two edges and showed that the spectral
multiplicity of the singular part E; is always 1. Kac’ Theorem corresponds to
the upper bound for multiplicity in (II) and simplicity of spectrum in (III).
Realizing a change of boundary condition of a half-line operator as an interface
condition with an “artificial second edge”, we can also reobtain the half of
Aronszajn-Donoghue theory which asserts disjointness of singular spectra for
different boundary conditions, see again [Aro57], [Don65], or [GT00, Theorem
3.2, (iv)]. This corresponds to the fact in (I) that, if only one spectrum is
present, it disappears.

By using the abstract framework of boundary relations, instead of just dis-
cussing a Schrodinger operator on a star-graph, we achieve a slight generalization
and a significant increase of flexibility in applications (various kinds of opera-
tors, not necessarily being differential operators, can be treated). This bonus
comes without additional effort, since our proofs proceed via an analysis of Weyl
functions and associated measures, and do not rely on the concrete form of the
operators on edges.

The description of the absolutely continuous part E,. is not specific for the
geometry of a star-graph and/or the use of standard interface conditions: the
mentioned result [GT0O0, Theorem 6.6] holds for arbitrary finite-rank perturba-
tions. Contrasting this, the description of the singular part E; given in (I)—(III)
is specific for the particular situation. This is seen, for example, from some
known formulas for the maximal multiplicity of an eigenvalue of a Schrodinger
operator on a graph (not necessarily a star-graph). It turns out that this number
depends on the geometry of the graph (rather than rank of the perturbation),
see [KP11] and the references therein. Another good example is a theorem due
to J.Howland, cf. [How86, 2. Theorem]. There for a certain type of finite-rank
perturbation a behavior is witnessed which is fully in opposite to (I)—(III). Also
we should mention that, although the considered operator A is “only” a rank-
one perturbation of the direct sum of the non-interacting operators A;, classical

3Full proofs are provided in [Kac63] (in Russian). An English translation of this paper
is not available, however, the proof was reproduced by D.Gilbert in [Gil98]: The operator-
theoretic half of Kac’ theorem is [Gil98] Theorem 5.1], the measure-theoretic half is [Gil98]
Theorem 5.5, (7)]. An interesting approach to Kac’ theorem was given recently by B.Simon
in [Sim05] who proceeds via rank-one perturbations and uses Aronszajn-Donoghue theory.



perturbation theory does not give much information. For example, the Kato-
Rosenblum theorem deals with absolutely continuous spectrum, or the theorem
[Wei00, Satz 10.18] on the ranges of spectral projections yields information only
for isolated eigenvalues. The singular (continuous and possibly embedded) spec-
trum is much more instable, and its behavior is much harder to control.

Let us give a brief outline of the organization of the paper. In the second part
of this introductory section, we explain the structure of the spectrum of A in
some more detail (old and new results). Section 2 is of preparatory nature. We
set up notation and collect some results from the literature concerning: spectral
multiplicity, Borel measures, and Cauchy integrals.

In Section 3, we recall some facts about boundary relations and the
Titchmarsh-Kodaira formula. We define the main object of our studies, the
pasting of boundary relations with standard interface conditions, cf. Definition
B.16] and compute its matrix valued Weyl function in terms of the Weyl func-
tions of the single boundary relations. Moreover, we carry out the calculations
required to determine the point spectrum. Though this is of course included in
our main result, we find it worth to be formulated and proved independently; it
serves as an elementary accessible, yet precise, model for the behavior of singular
continuous spectrum.

Section 4 forms the core of the paper. In this section we formulate and prove
our main result Theorem T} the major task is to get control of the singular
continuous (possibly embedded) part of the singular spectrum. The proof can be
outlined as follows: We further divide the singular part Es into two summands.
Namely, setting = Y ;" ; s, we decompose E; into the sum of a measure which
is absolutely continuous with respect to u and one which is singular with respect
to p. First, we show that on null sets of the measure p only simple spectrum of A
may appear, and this shows item (IIT). Second, we consider points having certain
“good” properties regarding existence of derivatives of involved measures and
pointwise asymptotics of their Poisson and Cauchy integrals. For such points
the multiplicity of the spectrum can be calculated, and this shows items (I) and
(IT) on the set of “good” points. Finally, we show that this set of “good” points
in fact supports the full singular part of u, and thereby complete the proof of
items (I) and (II).

The paper closes with two appendices. In the first appendix we provide
some examples which show that all possibilities permitted by (I)—(III) indeed
may occur. These are not difficult to obtain and are based on classical theory
and some more recent results on concrete potentials on the half-line. This
section will not hold many surprises for the specialist in the field; we include it
to give a fuller picture. In the second appendix we show how to reobtain from
our present results the classical theorem of Aronszajn and Donoghue on singular
spectra associated with different boundary conditions. Moreover, we include a
short discussion of some (a few) interface conditions different from the standard
condition.

There occurs an obvious open problem: Is it true that also for other finite-
rank perturbations the singular continuous spectrum behaves in the same way
as the point spectrum (concerning its multiplicity)? In a very general setting,
one may think of investigating arbitrary finite rank perturbations; optimally
obtaining a full higher-dimensional analogue of Aronszajn-Donoghue theory for
singular spectra. However, this is probably wishful thinking: Keeping in mind
the difficulties which arise when considering eigenvalues in the case of standard



(Kirchhoff) interface conditions on a graph with a somewhat more complicated
geometric structure, already a thorough investigation of this situation seems a
challenging task.

At present, the answer to whatever version of the above posed question is
not at all clear. The computations we use in this paper are specific for the case
“star-graph-+standard interface conditions”. We plan to address this problem
in future work.

Detailed description of the structure of o(A)

Again, for the purpose of explaining, we consider a Schrodinger operator A on
a star-graph which is given by the data (1)—(3).

A first, rough, insight into the structure of the spectrum is provided by the
classical Titchmarsh-Kodaira formula. We may consider the operator A as a self-
adjoint extension of the symmetry S whose domain is defined by requiring that
w(0) = uj(0) =0, ! =1,...,n. This symmetry is completely non-selfadjoint,
and has defect index (n,n). The spectral multiplicity of A cannot exceed n:
There exists an nxn-matrix valued measure €2 such that the operator A is uni-
tarily equivalent to the operator of multiplication by the independent variable
in the space L2(R, Q). A measure 2 with this property can be constructed using
Weyl theory. Since A is an extension of S, there exists a matrix-valued Weyl
function M (z) corresponding to A. The measure Q in the Herglotz-integral
representation of M has the required properties.

Since the spectral projection of the multiplication operator in Lo (R, ) onto
a Borel set A is the multiplication operator with the indicator function of A, it
follows that 2 and E are mutually absolutely continuous. If we set p := tr(Q,
then it is easy to see that Q and p are mutually absolutely continuous. We call
the measure p from this construction a scalar spectral measure corresponding
to the operator A (this measure is of course not unique).

The same procedure can be carried out for each of the operators A;. For
the operator A; the defect index of the minimal operator is (1,1), and one gets
a unitary equivalence to the multiplication operator the space La(R, 11;), where
w; is the (now scalar) measure taken from the Herglotz-integral representation
of the Weyl function associated with A;.

Let N4(x) be the spectral multiplicity function of A which is defined p-a.e.
The detailed definition of N4 requires some background; we recall it in §2, see

(22). Moreover, set p:= > ., ju, and
r(z):=#{le{l,....,n}: Dyw(z)>0}. (1.4)

Here D, (z) denotes the Radon-Nikodym derivative of y; with respect to pu,
and the function 7(z) is defined p-a.e. Note that > ;" D,p; = 1 and hence
r(z) > 1 for p-a.a. points = € R.

A complete description of the absolutely continuous part of the spectral
measure E of A follows from [GT00, Theorem 6.6]. Notation: We use ~ to
denote mutual absolute continuity of two measures.

1.1 Theorem ([GTO00]). Let A be a Schrédinger operator on a star-graph given
by the data (1)—(3) using the standard interface condition ([L3). Denote by FE
the projection valued spectral measure of A, let p be the sum of the scalar spec-
tral measures of the non-interacting operators Ay, and let Eqc and jiqc be their



absolutely continuous parts with respect to the Lebesque measure. Moreover, let
Na be the spectral multiplicity function of A, and let r(z) be as in (L4). Then

(I) Eac ~ Uac-
(I1) Na(z) =r(x) for Esc-a.a. points x € R.

The following complete description of the singular part of the spectral measure
E of A is the main result of this paper (formulated for the Schrédinger case;
the general statement is Theorem [£.1]). Notation: If X is a Borel set, we write
1x - v for the measure acting as (1x - v)(A) = v(X NA).

1.2 Theorem. Let A be a Schridinger operator on a star-graph given by the
data (1)—(3) wusing the standard interface condition (L3)). Denote by E the
projection-valued spectral measure of A, let p be the sum of the scalar spectral
measures of the non-interacting operators Ay, and let Es and ps be their singular
parts with respect to the Lebesgue measure. Let Eg .. and E, s be the absolutely
continuous and singular parts of Es with respect to p. Moreover, let N4 be the
spectral multiplicity function of A and (as in (4))

r(z):=#{le{l,....,n}: Dyw(z)>0}.
Then
(1) Evpe ~ L., - o where Xoy = r-1({2.....n})
(IT) Na(z) =r(x) — 1 for Es 4e-a.a. points x € R.
(III) Na(z) =1 for Es s-a.a. points x € R.

Notice that the Radon-Nikodym derivatives D, u; and the number r are defined
p-a.e. The functions N4 and r should be considered as representatives of the
equivalence classes under different equivalence relations. However the equality
in item (II) makes sense and holds true E; ,c-a.e. for any choice of such rep-
resentatives, because the measure Ej ,. is absolutely continuous with respect
to both E and p. In turn the set X< is defined up to a p-zero set, but the
measure Lx_, - us is defined uniquely.
Finally, let us make explicit the behavior of the point spectrum.

1.3 Theorem. Let A be a Schrédinger operator on a star-graph given by the
data (1)—~(3) using the standard interface condition (IL3]). Denote by m, the Weyl
functions of the non-interacting operators A;, and r(x) be as in (LA). Then a
point © € R belongs to 0,(A), if and only if one of the following alternatives
takes place.

(I/II) The point x belongs to at least two of the point spectra op(A;). In this case
the multiplicity of the eigenvalue x is equal to

#{l:l,...,n: anp(Al)}—l.

(IIT) The limits my(xz) := limeomi(x + i) all exist, are real, we have
limeyo = (my(z + ie) — my(z)) € [0,00), and 2?21 my(x) = 0. In this
case x is a simple eigenvalue.



The connection of Theorem [[L3] with the general result Theorem is made
as follows: For a point belonging to the point spectrum of at least one of the
operators A;, we have D, pui(x) > 0 if and only if € 0,(Ax) (k € {1,...,n}).
Hence, for such points,

rx)=#{l=1,...,n: zcop(A)}.

Moreover: If x is an eigenvalue of only one operator A; it disappears. And the
set of all points « which satisfy the conditions stated in (III) is u-zero.

2 Preliminaries

2.1 Some terminology concerning measures

First of all, let us fix some measure theoretic language. We denote by B the
o-algebra of all Borel sets on R. All measures v are understood to be Borel mea-
sures, and this includes the requirement that compact sets have finite measure.
Whenever writing “v(X)”, this implicitly includes that X € B. If we speak of
a positive measure v, this measure needs not to be finite. For a complex mea-
sure v, we denote by |v| its total variation, and this is always a finite positive
measure. If a complex measure takes only real values, we also speak of a real
measure.

In some places we have to deal with sets which are not necessarily Borel
sets, and with functions which are not necessarily Borel measurable. We say
that X is a v-zero set, if X C R and there exists a Borel set X’ O X such that
v(X’) = 0. We say that a set X C R is v-full, if its complement is v-zero. A
property is said to hold v-a.e. or for v-a.a. points x, if the set of all points
where it holds is v-full. Moreover, we say that a partially defined function f is
v-measurable, if its domain is v-full and there exists a Borel measurable function
which coincides v-a.e. with f. Integrals fR f dv of v-measurable functions f are
defined accordingly.

Of course, such terminology could be avoided by considering v as a measure
on the completion of the o-algebra B with respect to v, and understanding
measurability with respect to this larger o-algebra. However, then one has
to work with different o-algebras for different measures, and this would make
things technically laborious.

When v is a (positive or complex) measure, and o is a positive measure, we
say that v is absolutely continuous with respect to o (and write v < o), if each
o-zero set is also v-zero. We say that v and o are mutually singular (and write
v L o), if there exists a Borel set A which is v-full and o-zero. Moreover, we
say that v and o are mutually absolutely continuous (and write v ~ o), if v < o
and o < v.

Each measure v has a (essentially unique) decomposition into a sum v =
Vae + Vs of a measure v, with v, < ¢ and a measure v; with v; | o; this is
called the Lebesgue decomposition of v with respect to o. If v < o, then there
exists a (essentially unique) Borel measurable function D,v with

I/(A):/Dgl/do', AeB.
A



This function is called the Radon-Nikodym derivative of v with respect to o. It
belongs to L'(c), if v is a complex measure, and to L. (o), if v is a positive
measure.

Let v be a complex measure, and let f € L'(v). Then we denote by f - i
the measure which is absolutely continuous with respect to v and has Radon-
Nikodym derivative f, i.e.,

(f 1)) :=/Afdu, AcB.

In particular, if X is a Borel set, we have (1 x -v)(A) = v(XNA), A € B, where
1 x denotes the indicator function of the set X. If v is a positive measure, the
same notation will be applied when f € L (v), f > 0, and the product f - v
will again be a positive measure.

The support of a measure v is the set

suppv:={z €R: v(z—e,x+¢])>0,e >0} = ﬂ A.
A closed,
v-full
This notion must be distinguished from the notion of a minimal support of the
measure v. By this one means a any Borel set S with v(R \ S) = 0 and such
that any set Sop C S with v(Sp) = 0 is also Lebesgue zero.

All these notions also make sense when v is a projection valued measure (like
the spectral measure of a selfadjoint operator) or a matrix valued measure (like
the measure in the Herglotz integral representation of a matrix valued Herglotz
function).

2.2 The spectral multiplicity function

In order to define the spectral multiplicity function, which measures the local
multiplicity of the spectrum, we have to provide some background material.
These topics are of course classical, see, e.g., [AG93|, [BS87], [RS80]. Let A
be a (possibly unbounded) selfadjoint operator acting in some Hilbert space H,
and denote by F its projection-valued spectral measure. A linear subspace G
of H is called generating for A, if (“\/” denotes the closed linear span)

VA{EWQA)G: AeB}=H

The spectral multiplicity of the operator A is defined as the minimal dimension
of a generating subspace, and denoted by mult A. If mult A = 1, one also says
that A has simple spectrum. For the sake of simplicity (and because this is all
we need), we assume throughout the following that mult A < oc.

There exist (see, e.g., [BS87, Theorem 7.3.7]) elements ¢;, { = 1,...,mult A,
such that the subspaces H; := \/{E(A)g; : A € B} are mutually orthogonal,
the subspace G := span{gi, ..., gmult A} is generating, and the scalar measures
v defined as v;(A) := (E(A)gi, g1), A € B, satisfy

Vnut A K - KL 1y L 1 ~F. (21)
Each set {g1,. .., gmuit 4 } with these properties is called a generating basis.
If {g1,..., gmuit A} is & generating basis, the subspaces H; are mutually or-

thogonal and each of them reduces the operator A. The operator A|g, has



simple spectrum and is unitarily equivalent to the operator of multiplication by

the independent variable in the space La(RR, vg,). Thus A is unitarily equivalent

to the multiplication operator in the space H?:llm L3(R,v;). Consider the sets

(which are defined up to E-zero sets)
Vii={z eR: (Dy, vy)(x)>0}.

Then
nglg}ég---gymultAa

and these sets may be considered as layers of the spectrum. Hence, it is natural
to define the spectral multiplicity function of A as

Na(z) :=#{l:z € Y1 }. (2.2)

This function is defined almost everywhere with respect to the projection valued
spectral measure of A and does not depend on the choice of a generating basis
{91, gmut A}, cf. [BS87, Theorem 7.4.2]. Spectral multiplicity function is a
unitary invariant.

If A is a selfadjoint linear relation, it can be orthogonally decomposed into
a sum of a selfadjoint linear operator A,, and a pure multivalued selfadjoint
linear relation (the pure relational part of A). In this case, define N := Ng4, .
Obviously, this definition is also unitarily invariant.

Of course, the spectral multiplicity function of an eigenvalue is equal to the
dimension of the corresponding eigenspace.

2.3 Symmetric derivatives of measures

In this subsection we recall the notion of the symmetric derivative of measures,
and the formula of de la Vallée-Poussin which describes the Lebesgue decompo-
sition of one positive Borel measure with respect to another. These topics are
again classical, see, e.g., [Sak64]. A presentation in an up-to-date language can
be found, e.g., in [DiB02].

2.1 Theorem ([DiB02|). Let v and o be positive measures. Then there exists
a Borel set £, , C suppv Nsupp o with

v(i€o)=0( ) =0,
such that for each x € suppo \ €y, the limit
lim v(lz —e,x+¢])
10 o([z — e,z +¢€])
exists in [0,00] and defines a Borel measurable function.

Due to this proposition, we can naturally define a function which is partially
defined, v-measurable, and o-measurable (but may be not Borel measurable).

2.2 Definition. Let v and ¢ be positive measures. Then the symmetric deriva-

tive g—g of v with respect to o is the partially defined function
li v([z—e,x+e]) d the limit exists in [0
;l_y(x) _ 81?01 o(i—catc)> T €suppo and the limit exists in [0, o0], (2:3)
o

00 , X €suppv \suppo.



Note that this definition is symmetric in ¥ and ¢ in the following sense: If a
point x belongs to the domain of Z—Z, then it also belongs to the domain of ‘;—Z

d d -1
and 92 (z) = (2£(x))
The symmetric derivative j—; can be used to explicitly construct the Lebesgue
decomposition of v with respect to o. To formulate this fact, denote

Xeo(v,0) = {ac € (supprUsuppo) \ Evp - %(m) = oo}.

2.3 Theorem (de la Vallée-Poussin). Let v and o be positive measures. Then

(i) The function % belongs to L (o). In particular, o(Xo (v, o)) = 0.

do loc

(i4) For each Borel set X C R, we have

v(X)=v(XNXx(v,o0)) +/

Let v = v, + v be the Lebesgue decomposition of v with respect to . Then,
indeed, the formula of de la Vallée-Poussin says that

dv
Vge = %(x) o, vs=1x_e) V- (2.4)

In particular, if v < o, then g—g is a Radon-Nikodym derivative of v with respect
to o.

In the sequel we extensively use the following immediate consequences of the
de la Vallée-Poussin theorem.

2.4 Corollary. Let v and o be positive measures, and let X C R.
(i) If % (x) =0 for all x € X, then X is v-zero.

(i1) If the set X is v-zero, then % (z) =0 for o-a.a. x € X.

(iii) If X is a Borel set and % (z) € [0,00) for allx € X, then 1x -v < 0.

Proof.
Item (i): The set

d
Xo(v,0) := {x € (suppr Usuppo) \ & - d—y(ac) = 0}
o
is a Borel set, and by Theorem 2.3 we have v(Xo(v,0)) = 0. Since X C
&0 UXo(v,0), the set X is v-zero.

Item (ii): There exists a Borel set X’ O X such that v(X') = 0. Theorem 23]
gives [y, % (z)do(z) = 0. This shows that 2£(z) = 0 for o-a.a. z € X', and
hence for o-a.a. x € X.

Item (idi): Let X’ € B with o(X’) = 0 be given. Then also ¢(X’ N X) = 0, and

hence
I/(X’ﬁX):/ @(z)da(z):().

X'NX d(T

10



2.5 Corollary. Let v and o be positive measures on R. Let v = v4e + Vs and
0 = 04c+ 05 be the Lebesgue decompositions of v with respect to o and of o with
respect to v, respectively. Then, the following hold:

(1) € [0,00), o-a.e.
(i1 € (0,00], v-a.e.

(i1

Qe e e &l
Q|§ Q|T Q|T Q|§ Q|§

(z)
) a5 (@)
) % (x) € (0,00), Vac-a.e. and goe-a.c.
(iv) 3z (x)
(v) G (2)

Proof. Ttem (i) is immediate from Theorem 23] (i), and item (ii) follows by
exchanging the roles of v and ¢ and remembering that the symmetric derivative
is symmetric in v and o. For (#ii), note that

X = {:c eR: Z—Z(x) € (O,oo)} C&.oUXo(v,0)UXs(v,0).
We have v(€,,) = v(Xo(v,0)) = 0, and 0(Xo(v,0)) = 0. Thus the union of
these sets is v,.-zero. Exchanging the roles of v and ¢ yields that X is also
O qc-Z€T0.

From (2.4)), immediately, vs(Xs(v,0)¢) = 0. Hence, (iv) holds. Item (v)
follows from (iv) again by exchanging the roles of v and o. 0

2.6 Remark. One can also define a symmetric derivative of a complex measure
v with respect to a positive measure ¢ by using the same limit

dv 5 v(lx —e,x +¢l])

%(x) o o[z —e,x+¢]) (25)

whenever it exists in C. However, satisfactory knowledge can only be obtained
when v < o. In fact, the following holds: If v < o, then the limit ([Z3]) exists
o-a.e., and is a Radon-Nikodym derivative of v with respect to o. This follows
since we can decompose v as v = (Vy 4 — Vp,—) +i(V; + — 15— ) with four positive
and finite measures which are all absolutely continuous with respect to o.

2.7 Remark. Sometimes the following facts are useful.

(i) Existence and value of the symmetric derivative are local properties in the

sense that
dv o d(]lx . V)

whenever X is a Borel set which contains x in its interior.

(i4) If f is a continuous and nonnegative function on R, then

11



2.4 Boundary behavior of Cauchy integrals

Let us recall the notion of Herglotz functions@. In the present section our main
focus lies on scalar valued functions. However, in view of our needs in Section
3, let us provide the definition and the integral representation for matrix valued
functions.

2.8 Definition. A function M : C\R — C™*" is called a (nxn-matriz valued)
Herglotz function, if

(1) M is analytic and satisfies M (z) = M (2)*, z € C\ R.

(ii) For each z € CT, the matrix Im M(z) := 5 (M(z) — M(z)*) is positive
semidefinite.

The following statement is known as the Herglotz-integral representation. For
the scalar case, it goes back as far as to [Her11]. For the matrix valued case see
[GT00, Theorem 5.4], where also an extensive list of references is provided.

2.9 Theorem. Let M be a nxn-matriz valued Herglotz function. Then there
exrists a finite positive n X n-matriz valued measurd] Q, a selfadjoint matriz a,
and a positive semidefinite matriz b, such that

M(z)=a+bz+/1+“d9(x), 2€C\R. (2.6)

R T—Z

Conversely, each function of this form is a Herglotz function.

The data a,b,) in the representation (Z8) is uniquely determined by M.
In fact, Q can be recovered by the Stieltjes inversion formula, b from the non-
tangential asymptotics of M(z) towards +ioco, and a from the real part of M (3).

In the literature this integral representation is often written in the form

( : *)de), zeC\R,  (@7)

T—z 1+ a2

M(z)zct—i—bz-i-/

R

where (2 is a positive measure with f]R Cﬁ(;) < 00. The measures in the repre-

sentations (Z6) and (27) are related as Q = (1 + z2) - Q.
In the present work we also consider the Cauchy-type integral in (2.6]) for
complex (scalar valued) measures.

2.10 Definition. Let v be a complex (scalar valued) measure. Then we denote
by m, the Cauchy-type integral

mo(z) = /R LY 22 (2), 2e€C\R. (2.8)

r—=z

Clearly, the function m, is analytic on C\ R. Moreover, note that for a real
measure v it can be written as the difference of two Herglotz functions.

40ften also called Nevanlinna functions.
5By a positive matriz valued measure we understand a measure which takes positive
semidefinite matrices as values.
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2.11 Remark. Here is the reason why we decided to write the Herglotz integral
representation in the form (Z0) rather than (2.7): For a positive measure {2
the multiplication (14 2?) - Q2 is always defined and is again a positive measure
(for scalar measures this is immediate, for matrix-valued measures use that € is
mutually absolutely continuous with its trace measure p := tr2). Contrasting
this, for a complex measure v, the multiplication (1+ 22) - v cannot anymore be
interpreted as a measure, but only as a distribution of order 0. Since we want
to avoid using the machinery of distributions, we decided for the representation
2.9).

For a finite positive measure v, the imaginary part of m,(z) is (as a Poisson
integral) well-behaved and several explicit relations between v and the boundary
behavior of Imm, (z) at the real line are known. In the present context, the
following two pointwise relations play a role. The first one is standard, see, e.g.,
[Peal8, §2.3]. Matching the literature is done using Remark 277 (i4).

2.12 Theorem ([Pea88]). Let v be a finite positive measure, and denote by A
the Lebesgue measure.

(i) Assume that % (z) exists in [0,00]. Then Imm,(z) has a normal boundary
value at =, in fact,

dv
lim Im m,, jie) = (1 + 22)—(z).
alfg mm,(z+ie)=n(l+z )d/\(x)

(11) Conversely, assume that Imm, (z) has a finite normal boundary value at

x. Then % (z) exists.

Let us note explicitly that no conclusion is drawn if Imm, (z) has an infinite
normal boundary value at x.

The second result is in the same flavor, but may be less widely known. It is
proved in [Kac63| Lemma 1].

2.13 Theorem ([Kac63]). Let v be a real measure and o be a finite positive
measure. Assume that % (z) exists in R, and that % (x) exists (possibly equal
to 00) and is nonzero. Then

Imm,(x +i) dv
im —————= = —
10 Immg(x +1ie)  do

The real part of a Cauchy integral is (as a singular integral) much harder to
control than its imaginary part. We make use of the following two rather recent
results, which deal with boundary values of Rem,,(z), or even of m, (z) itself.

The first one says that the set of points 2 € R for which | Rem,, (z)| dominates
Imm, (z) when z approaches z, is small. It has been shown in [Pol03] Theorem
2.6] for Cauchy integrals of measures on the unit circle. The half-plane version
stated below follows using the standard fractional-linear transform.

2.14 Theorem ([Pol03]). Let v be a finite positive measure. Then the set of
all points x € R for which there exists a continuous non-tangential path ~y, from
C4 to z, such that

. |Rem, (2)|

lim ———— =00,

2t Im m,(2)

s a v-zero set.

13



The second result on singular integrals says that for certain points z € R the
Radon-Nikodym derivative of two measures can be calculated from the boundary
behavior of the respective Cauchy integrals. This fact is shown in [Pol94] for
the disk, the half-plane version stated below is [Pol09, Theorem 1.1]

2.15 Theorem ([Pol94]). Let v and o be finite positive measures, assume that

v L o, and let os be the singular part of o with respect to the Lebesgue measure.
Then:

(i) For o-a.a. points © € R the non-tangential limit lim zdgzg exists in

Lz

[0, 00).
(1) For os-a.a. points x € R we have

my(z) dl/

li
Zglz me(z) do "

Together these two theorems imply a statement which is essential for our present
purposes.

2.16 Corollary. Let v and o be finite positive measures, and assume that v <
o. Then for o-a.a. points x € R there exists a sequence {en}nen (which may
depend on x), such that €, | 0 and the limit

. Remy(z+iey,)
lim ——<
n—oo Immy (r + iey,)

exists and is finite.

Proof. Consider the sets

| Re meo (x + ic)]
= R: lm——F—7=% =
& {ze cl0 Immg (x + ie) OO}’
)

& = {:L' eER: lim my (2 does not exist in (C}

z—>z Mo (Z
Then (& UE) = 0. Let z € (£1UEL)°, and choose a sequence €; | 0 such that
Remg (z+ieg;)

T me (aie) exists in R. Since

the limit lim;_, o

my(z) _ my(2) z€C\R
Mg (2 . Rems(2) ’ ’
(2) Immg(2) (z + Immg(z))
it follows that
im Rem, (x + Z:Ej) _ Re ( lim my(z + wj)) . (z + lim Rem,(z + isj)) .
j—oo Immeg (2 + icj) j—00 Mg (X + i) j—oo Immg (2 + ic;)

u

We need the above stated facts in a slightly more general situation. Namely, for
arbitrary Herglotz functions rather than Cauchy-type integrals. This is easy to
deduce.
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2.17 Corollary. The above statements [2.13, (213, 213, (it), and [214
remain true when the Cauchy-type integrals m, and m, are substituted by ar-
bitrary scalar valued Herglotz functions having the measures v and o in their
Herglotz integral representation.

Proof. Throughout this proof, let m, m be Herglotz functions, and write m(z) =
a+bz+my,(z) and m(z) = a+ bz + my(2).

Theorem [2.12: We have

limIm (a 4 b(x 4 ic)) =0, z€R.
el0

Hence the limit lim. o Imm(z + ie) exists if and only if lim. o Imm, (z + i€)
does. Moreover, if these limits exist, they coincide.

Theorem [Z13: Since g—‘;(z) exists and is nonzero, we have

lim Im m, (2 +d¢) > 0.

el0
Thus
. Imm(z+ie) be Im my (z + ig)
lim —— =lim ( )
elo Imm(z +ie)  elo [\Imm,(z + ze) Imm,(z + ic)

(
} I Im Imm, (x + ie)

- (1
( —i_hnm(7 (z + ie) =) Imme (z + i)

Theorem [Z-14} The set of all points = € R with 2 (z) € (0, 0c] is v-full. Hence,
we may restrict all considerations to points x belonging to this set, and hence
assume that lim. o Imm, (z 4 i) > 0. Now use the estimate

| Rem, (z)] 7 la] + 10| - |2| < | Rem(z)] (1Jr bIm z )

Imm, (2) Imm,(z) — Imm(z) Imm,(z)
< [Remy,(2) | fal + o] - |2|
Immu( ) Imm,(z)

Theorem [213), (ii): For o,-a.a. points € R we have 92 (z) = oo, and hence
lim, o Imm,(x + i€) = oco. Thus also lim. g |ms(z + zs)| = 00, and it follows
that

. m(z) . a+bz  my(z) bz
zhir>nz m(z) N zhinzz |:(mg(z) * ma(z)) ' (1 z )

I 56

(2) oty Mo(2)

Corollary [ For o-a.a. points z € R we have 92(z) € (0,00], and hence
) 0

lim, o Imm, (m +1ie) > 0. Thus also lim. o Im m(x —|— 1€) > 0, and it follows that

. Rem(x +iep) a+ bx . Rem, (x + iey)
im = im —————— "~
n—oo Imm(z +ie,)  limyyoo Immg (2 +ie,)  n—oo Immg(x + icy,)

0

Convention: When referring to one of the above statements[2.12, [2.13,
213, (it), [Z10, we mean their general versions provided in Corollary [2.17
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3 Boundary relations

Throughout the following we use without further notice the language and theory
of linear relations. In particular, we will think of a linear operator 1" interchange-
ably as a map or as a linear relation (i.e., identify the operator T' with its graph).
Notationally, we interchangeably write y = Tz or (x;y) € T.

Our standard references for the theory of boundary triples are [DHMdS06]
and the survey article [DHMdS09]. There also some basic notations and results
about linear relations can be found.

3.1 Boundary relations and Weyl families

Boundary relations provide a general framework to study symmetric operators
and their extensions. Let us recall their definition, see, e.g., [DHMdS09], Defi-
nition 3.1].

3.1 Definition. Let S be a closed symmetric linear relation in a Hilbert space
H, and let B be an auxiliary Hilbert space. A linear relation I' C H? x B? is
called a boundary relation for S*, if

(BR1) The domain of I is contained in S* and is dense there.

(BR2) For each two elements ((f;g);(a;8)),((f';9');(c';8")) € T the ab-
stract Green’s identity

(gvfl)H - (f7 g/)H = (ﬂva/)B - (avﬂ/)B
holds.

(BR3) The relation I' is maximal with respect to the properties (BR1) and
(BR2).

If the auxiliary space B is finite-dimensional, the theory of boundary relations
becomes significantly simpler. Since this is all we need in the present paper, we
will in most cases assume that dim B < co.

A central notion is the Weyl family associated with a boundary relation, cf.
[DHMASQ9, Definition 3.4].

3.2 Definition. Let I' € H2 x B2 be a boundary relation for S*. Then, for
each z € C\ R, we define a linear relation M (z) as

M(z) := {(a;ﬁ) € B?: 3f e H with ((f;zf);(a;ﬁ)) EF}.

This family of relations is called the Weyl family of T'. If mul M (z) = {0} for
all z, one also refers to M as the Weyl function of T'.

3.3 Definition. A family of boundary relations M (z) in the Hilbert space B
is called a Nevanlinna family, if

(i) for each z € C*, the relation M(z) is maximal dissipative;
(i1) M(2)*=M(z), z€C\R;

(iii) for some w € CT the operator valued function z — (M(z) + w)~ ! is
holomorphic in CT.
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The basic representation theorem for Weyl families reads as follows, see, e.g.,
[DHMAdS09, Theorem 3.6] or [DHMAS06, Theorem 3.9].

3.4 Theorem ([DHMAdS09]). Let I' C H? x B? be a boundary relation for S*,
and let M be its Weyl family. Then M is a Nevanlinna family. Conversely,
each Nevanlinna family can be represented as the Weyl family of a boundary
relation for the adjoint of some symmetric linear relation S. Moreover, S can
be chosen to be completely non-selfadjoint (simple).

This representation theorem is accompanied by the following uniqueness result,
see corresponding part in the proof of [DHMAJS06, Theorem 3.9].

3.5 Theorem ([DHMASO06]). Let S; be closed symmetric simple linear relations
in Hilbert spaces H;, and I'; C H]2 x B? be boundary relations for S5, let M be
their Weyl families, j = 1,2. If My = Ms, then there exists a unitary operator
U of Hy onto Hs such that

Do = {(US:U9): (@38)) : ((f39); (@56) €T1}. (3.1)

Two boundary relations which are related as in (31]) are called unitarily equiv-
alent.

The following properties, which a boundary relation may or may not possess,
play a role in the present paper.

3.6 Definition. Let I' C H? x B? be a boundary relation for S*.
(i) T is called of function type, if
mull'N ({O} x B) = {0}.

(i4) T is called a boundary function, if

mulT" = {0} .

It is an important fact that these properties reflect in properties of the Weyl
family associated with T'. For the following statement see, e.g., [DHMAJS09,
Proposition 3.7] and [DHMdS06, Lemma 4.1].

3.7 Theorem ([DHMdAS06]). Let dim B < oo and I' C H? x B2 be a boundary
relation for S*. Then

(1) T is of function type, if and only if mul M (z) = {0}, z € C\ R.

(t3) IfT is a boundary function, then M (z) is an invertible operator in B for
every z € C\ R.

Given a boundary relation I'" for S* which is of function type, we can single
out a particular selfadjoint extension of S. Namely, let 71 : B> — B be the
projection onto the first component, and set

A = ker [71'1 o I‘] . (3.2)

The fact that the relation A is selfadjoint, follows from [DHMAdS09, Proposi-
tion 3.16], since the auxiliary space B is finite-dimensional.

For later use, let us mention the following facts which follow from [DHMdS09,
Proposition 3.2].
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3.8 Remark. Let dim B < co and I' C H? x B? be a boundary relation for S*.

(7) The relation S has finite and equal defect indices ny(S). Moreover,
dim B = ny(S) + dimmulT.
(#4) Assume that dim B = 1. Then either mulT' = {0} and S has defect index
(1,1), or dimmulT' = 1 and S is selfadjoint.

(#4) Assume that dim B = 1, mull' # {0} and that S is simple. Then either
I'={0}2x ({0} xC) or T = {0}? x {(w;mw),w € C},m € R, and the
Weyl function is equal to m, a real constant.

Next, we recall four methods to construct new boundary relations from given
ones. The first one is just taking orthogonal sums, the second is making a
change of basis. Both are easy to verify (and common knowledge); we skip the
details.

3.9 Lemma. Let n € N, and let for each | € {1,...,n} a boundary relation
I, C Hf x Bf for S; be given. Define

in-{(() () ()

In gn Qp ﬂn
(fi;90); (s B)) €Ty, L= 1,...,n} Cc (HH1)2 « (HBZ)2'
1=1 1=1

Then H?Zl I’y is a boundary relation for H7:1 S} . Its Weyl family is given as

o B1

n n 2

T[02) = < anE >:<al;ﬂl> e M), 1=1.....npc ([[8)"
=1 a, Bn 1=1

The relation T];, T of function type (a boundary function) if and only if all

relations I'; are.

3.10 Lemma. Let I’ C H? x B? be a boundary relation for S* of function type
with Weyl function M. Moreover, let U : B — B be unitary, and define

Iy = {((f;g);(Ua;Uﬁ)) c ((f59)i (s 8)) € F} C H? x B%.

Then T’y is a boundary relation for S* which is of function type, and the Weyl
function M is given as

My(z) =UM(2)U™*.
The relation T'y is a boundary function, if and only if I is.

The third construction shows how to realize the sum of two Weyl functions as
a Weyl function, cf. [DHMdS09, Corollary 4.5].

6The case that mulT" = {0} x C informally corresponds to the “Weyl function” m = oo
(formally to the Weyl family m = {0} x C).
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3.11 Theorem ([DHMdSQ09]). Assume that dimB < oco. For j = 1,2, let
Ir; C HJ2 x B? be boundary relations for S5 of function type with corresponding
Weyl functions M;. Define

n () () e e ).

((f5395); (s B;)) € T, 5 = 1,2} C (Hyx Hy)* x B,

and

S = {((ﬁ) : (z;)) . 38 ¢ B with
((f1;91); (0;8)) € T1, ((f23 92); (0;=P)) € Fg} C (HlXH2)2.

Then S is a closed symmetric relation in Hi X Ha, and I is a boundary relation
for S*. The relation T is of function type, and its Weyl function is given as

M(z) = My(2) + Ma(2).

With the fourth procedure we construct a new boundary relation via a fractional
linear transform. A proof can be found in [DHMdS09] Proposition 3.11]. Before
we can formulate this, let us introduce one more notation. We denote by Jcn

the 2n x 2n-matrix
. 0 I(Cn

Then Jc» defines a non-degenerated inner product on C?”. Let w be a 2nx2n-
matrix. Then w is Jen-unitary (i.e., unitary with respect to the inner product
induced by Jg») if and only if

'LU*J(CTL'LU = J(Cn . (33)

3.12 Theorem ([DHMAdS09]). Let T' C H? x (C")? be a boundary relation
for S*. Let w be a Jon-unitary 2n X 2n-matriz, and write w in block form as
w = (wij)ij:l with nxn-blocks w;;, i,7 = 1,2. Then the composition

I':=wol = {((f;g); (wira + wizf;wara 4+ weaf)) « ((f;9); (o 8)) € F} :
is a boundary relation for S*, and its Weyl family M;(z) is given as

Mi(z) = {(wna + w12 B; war —I—wggﬁ) : (o 8) € M(z)}, z€ C\R. (3.4)

3.2 The Titchmarsh-Kodaira formula

Let I' be a boundary relation of function type, and let A be the selfadjoint
relation ([32). Then the data a,b, ) in the integral representation (2] of the
Weyl function M associated with I' can be used to construct a functional model
for A = ker[m; o I'] acting as the multiplication operator in an L?-space (to be
exact, the relational analogue of the multiplication operator). For a Schrédinger
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operator on the half line (meaning limit-circle on one end and limit-point on the
other) or on the whole line (limit-point at both ends) this is a classical fact. In
the first case (where the spectral measure is scalar) this goes back to the initial
considerations of H.Weyl, cf. [Wey10], in the second case (where the spectral
measure is 2 X 2-matrix valued) to the independent works of E.C.Titchmarsh
and K.Kodaira, cf. [Tit62] and [Kod49]. See also [DS63, XII.5.Theorems 13 and
14], where differential expressions of arbitrary order are studied.

In the present context this functional model plays an important role, since it
allows us to compute the spectral multiplicity function by computing the rank
of a certain matrix; the precise statement being Proposition below.

First, let us recall the appropriate notion of a “multiplication operator”.
Let Q = (€45)},=; be a positive n x n-matrix valued measure, and denote by
p the (scalar) trace-measure p := > . ;. Since, for each Borel set A, the
matrix Q(A) is positive semidefinite, we have |Q;; (A)| < /i (A)Q;;(A), i,5 =
1,...,n, and this yields that 2 ~ p. Hence, the Radon-Nikodym derivative
D, = (D,Q5)7;—; is well-defined and p-a.e. positive.

Consider now the set of all p-a.e. finite functions f : R — C”, such that each
component is p-measurable and such that

/R (f(x), DPQ(JC)JC(QU))C” dp(x) < 00.

The space L2() is the space of equivalence classes of such functions under the
equivalence relation

f~ g if and only if / (f(z) = g(x), D,Qx)(f () — g(2))) cudp(x) = 0.

R

When endowed with the inner productﬂ

(f.9)a = /R (F(@), D, 2A2)g(x)) eudpla),  f9 € L2(),

this space becomes a Hilbert space. The operator of multiplication A; by
the independent variable ¢ in this space is selfadjoint, see [Kach0] or [DS63,
XIII.5. Theorem 10].

Moreover, for a positive semidefinite n x n-matrix b, denote by G} the space
ranb endowed with the inner product defined as

(bz,by)g, == (bx,y)cn, x,y€C".

3.13 Definition. Let 2 be a positive n X n-matrix valued measure, and let b
be a positive semidefinite n x n-matrix. Then we set

Hop=L*(Q) &Gy, Agp=A & ({0} xGy).

Clearly, Hq is a Hilbert space and Agq ; is a selfadjoint linear relation in Hgq .

Let us now provide the afore mentioned functional model for A = ker[m oT].
The essence of this result is the model constructed in [DM95, Proposition 5.2],
and it is easily deduced from this.

"The right-hand side of this formula does not depend on the choice of the representative
of the equivalence class; as usual we slightly abuse notation.
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3.14 Proposition. Let I' C H? x C?" be a boundary relation of function type
with Weyl function M, let a,b,Q be the data in the integral representation (2.6])
of M, and set Q := (1+t%)- Q. Then the selfadjoint relation A := ker[r o T is
unitarily equivalent to the relation Abe.

Proof. The following facts are well-known (for an explicit proof see, e.g., [Beh09,
Proof of Theorem 3.2]): The kernel of Im M(z) for z € C\ R is independent
of z. Denote its codimension by ng. There exists a constant unitary matrix U
such that U~ tkerIm M (i) = {0} @ C*~ "™ and U~Y(M(2) — a)U = My(z) ®0
(the block form with respect to the decomposition C" = C"™ ¢ C"~"0). At the
same time U™1QU = Qo & 0, U~1bU = by & 0 and

Moz = oz + [ (5 — 1oz dale)

rR\T —2 1+$2

is the Herglotz-integral representation for the function Mjy. The latter is such
that Im My (z) is invertible for each z € C\R. We apply [DM95], Proposition 5.2]
to obtain a functional model for My: The relation

S = {(f(t) ©0;tf(t)oy) € HE , - /Rdﬁo(t)f(t) ty= 0}

is closed symmetric and simple, its adjoint is given by

S* = {(f(t)@z;g() )GHé b P heCo: g(t)tf(t)h,zboh}.

Obviously, the element h in this formula is uniquely determined by the element
(f(t) ®x;9(t) ®y) of S*. Hence, we may define
Lo((f(t) @ z;9(t) @ y)) =h,
- tg(t) + f(t
T (0 g @) =+ [ a2

1 +12
Then it follows from [DM95] that the relation

I:= {((f(t) G x;9(t) ©y); (Colf(t) @ x;9(t) @ y); Th(f(t) ® 259(t) @y))) :
(f)@asgt) @y) € S*}

is a boundary function for S*. The Weyl function of I is equal to My, and
kerT'o = Ag ;.- Obviously I'y := '@ ({0}2x {(w; 0),w € C*~™} is a boundary
relation of function type for S* with the Weyl function My @ 0 and ker[m; o
Tyl = Ag, 4, Next, I':={((f;9); Uas UB)) : ((f19); (s B)) € I'u} is another
boundary relation of function type for S* with the Weyl function M — a and
ker[m o] = Ag, p,- Finally, the selfadjoint constant a is the Weyl function of
the boundary relation {0}* x {(w;aw),w € C"} acting in {0}* x C*". Using
Theorem B.T1l we obtain a boundary relation r having M as its Weyl function.
Explicitly computing I shows that the relation ker[m; o F] coincides with Ag .
Uniqueness part of Theorem ensures that ker[m oI'| is unitary equivalent to
ker[m o I] = Ag, p,- Obviously, the relation Ag , - can be identified with the
relation Ag B0.boB0 = =A,- 1o, U-1py» Which is umtanly equivalent to Ag P
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Now we come to the promised way to compute the spectral multiplicity function.
For the case “n = 2” this fact is proved and used in [Kac62], see also [Gil98]. It
is of course not hard to believe that it holds for arbitrary n > 2, however, we
are not aware of an explicit reference, and therefore provide a complete proof.

3.15 Proposition. Let I' C H? x B? be a boundary relation of function type.
Denote by M its Weyl function, and set A := ker[my oT'|. Let a,b,Q be the data
in the integral representation [28) of M, let p be the trace measure of Q, and
let w be the symmetric derivative

dQ
=— 3.5
W= (3.5)
Then (N4 is the spectral multiplicity function of A)
N =rankw, p-a.e (3.6)

Proof. From the readily established by Proposition 314 unitary equivalence, we
see that it is enough to compute the spectral multiplicity function of the multi-
plication operator A; in the space L?(Q2). To do this, the idea is to construct a
measurable (p-measurable, or Borel measurable on a compliment of some Borel
p-zero set) diagonalization of w(x). Once this is done, it is easy to give a unitar-
ily equivalent form of A (and a particular generating basis) from which N (x)
can be read off. The essential tool in the proof is Hammersley’s theorem on the
measurability of the zeros of a random polynomial, cf. [Ham56, Theorem 4.1]@.

By Hammersley’s theorem there exist measurable functions &1, ...,&, such
that

det [w(z) —t] = (-=1)" H (t—¢i(x)), =z€eR.

Since w(z) is nonnegative, we have £;(x) > 0, j = 1,...,n. By pointwise rear-
ranging (which can be done in a measurable way) we can redefine the functions
&;, such that in addition

0< gn(l‘) < fn_1($) << €1($)a zeR.

What follows is basic linear algebra. For j,k € {1,...,n} and {i1,...,ix} C
{1,...,n}, i1 < -+ < iy, set

MPE = {:L' € R: rank [w(z) — &(x)] =k,

D1yl

det (i, (2) — & (@)5i1,,),_y # 0}

The determinant of a matrix is a polynomial of the entries, and hence is mea-
surable. The rank of a matrix depends, as the maximal order of an invertible
square minor, measurably on the entries of the matrix. It follows that M flk
is a Borel set. Also the set

M(g’o ={zeR: w)=¢()}

8See also [BRS86] Theorem 2.2], where a short proof based on von Neumann’s measurable
selection theorem is given.
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is a Borel set. _
Let j € {1,...,n} be fixed. For each x € Mflk

fj(x)(sizim)fmﬂ of [w(z) — &;(x)] is invertible. Applying Cramer’s rule, we find

a basis of the eigenspace ker[w(z) — &;(x)] which depends measurably on z €

i, the submatrix (wj,,, (z) —

Mk Applying the Gram-Schmidt orthogonalization procedure, we obtain

(AR I

an orthonormal basis which also depends measurably on z € Mflk i~ For

x € Mg’o the canonical basis of C™ is an orthonormal basis of ker[w(z) — &;(x)].

.....

together cover the whole line. Hence, we can produce a disjoint covering of R
with each set of the covering being a Borel subset of some intersection

n

() Mm%
(ZB SR N I

j=1
By the above paragraph, we can thus find a measurable orthonormal basis in
C™ which consists of eigenvectors of w. The corresponding basis transform U (x)
is a measurable function and diagonalizes w(x):

U(z)"'w(z)U(x) = D(z)

with

The map f + U~1f is an isometric isomorphism of L?(Q2) onto L?(D - p), and
establishes a unitary equivalence between the respective multiplication opera-
tors. One can regard & - p as v; from 2)), so D,,vi(x) = &(z). Therefore the
spectral multiplicity function computes as

#{l e{l,...,n}: &x) > 0} = rank D(z) = rankw(z) .

O

3.3 Pasting of boundary relations with standard interface
conditions

Let n > 2, and let for each I € {1,...,n} a closed symmetric relation S; in

a Hilbert space H; and a boundary relation I C H? x C? for S; be given.
Moreover, denote
A; = ker [m o Fl} ) (3.7)
Consider the Hilbert space H := [[;"; H;, the linear relation S := [[;", S
acting in this space, and the orthogonal sum I = [T, Iy, cf. Lemma 3.9
Now we define another boundary relation I by using in Theorem the
Jen-unitary matrix w = (w;;)? ;_; whose blocks w;; are given as

i,j=
-1 0 -~ 0 1 00 --- 00
0 -1 0 1 00 --- 00

o O
o O
o |
—
O =
—_ O e
— O
— O
= O
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o
o
o
o
I
—_
o
o
o

0 0 0 0 0 -1 0 0
wari= [ r o w0 (39)

00 -~ 0 0 0 0 - —-10

00 -~ 0 —1 0O 0 -~ 0 0

A straightforward computation shows that this matrix w indeed satisfies (B.3)).
Explicitly, the relation I' is given as

A 7 —o1 +an -1
F::wof‘:{(( S )7( : ))

f. ’ —Qp—1+ Qp —Mn—-1

" In ﬁ1++ﬁn —Qp

((fg)i (s Br)) €Tu, 1= 1n} (3.10)

3.16 Definition. Let n > 2, and let for each I € {1,...,n} a closed symmetric
relation S; in a Hilbert space H; and a boundary relation I' C H? x C? for S}
be given. Assume that

(Hypl) Each relation S; is simple.
(Hyp2) Each boundary relation I'; is of function type.
(Hyp3) There exists [ € {1,...,n}, such that I'; is a boundary function.

Obviously, the relation I' depends on the order in which the relations
I'y,To,...,T, are taken, but the selfadjoint relation A := ker[m; o I'| does not.
Thus we call A the relation constructed by pasting the family {T; : 1 =1,...,n},
with standard interface conditions.

The hypothesis (Hypl) ensures that knowledge about the spectrum of A can
be deduced from the associated Weyl family (in fact, the Weyl function, see
below). The hypotheses (Hyp2), (Hyp3), are required in order to avoid trivial
cases (remember Remark [B.8)).

To justify our choice of terminology, let us return to our model example.

3.17 Example. Let a Schrodinger operator on a star-shaped graph be given by
the data (1)—(3). Let S; be the minimal operator on the I-th edge, i.e.

dom §; := {u € L?(0,¢;) : u,u absolutely continuous,
—u" 4+ qu € La(0,¢),
u(0) = u/(0) = 0, u satisfies b.c. at ¢, if present} .

S = —u" + qu, u€doms;.

Moreover, define

Ly o= {((u;0); (u(0);0/(0)) + (usv) € 57}

24



Then I'; is a boundary relation for S;'. The selfadjoint extension A; = ker[m; oI']
is just the Schrodinger operator given by the potential ¢; with Dirichlet boundary
conditions at 0.

Now consider the boundary relation I" defined by (BI0). The operator A :=
ker[m oT'], is nothing but the operator defined by (1), (I2]), using the standard
interface condition (3)).

In order to understand the spectrum of a pasting with standard interface con-
ditions, we will analyze the Weyl function of the boundary relation I'. Using
Theorem 312 this Weyl function can be computed explicitly in terms of the
Weyl functions of the boundary relations I';.

3.18 Proposition. Let I'; be as in Definition [310, and let T’ be the boundary
relation given by BI0). Denote by m; the Weyl function of T, and set m :=
>y mu. Then we have mull N ({0} x C") = {0}, and the Weyl function M
of I is given as

mi(m—mi)  —mami - My 1M —my
) —mime  ma(m—mg) --- —Mp_1M2 —my
M=—
- :
—MiMp—1 —MaMp_1 - M1 (M—Mp_1) —Mpo1
—my —ma e —Mp—1 -1
(3.11)

Proof. Consider an element of mulT'N ({0} x C™). By the definition of I" there
exist (ay; B;) € mully, I =1,...,n, such that this element is equal to

—a1 + ap —b1 0 =5
< —Qp—1 t+an 7 _Bn—l ) ( 0 ’ _Bn—l ) -
ﬁ1++ﬁn —Qn 0 —Qp

By (Hyp3), there exists an index Iy with ay, = 8, = 0. Now it follows that
a; = 0 for all [, and (Hyp2) implies that also 5; = 0 for all I. This shows that
mulT'N ({0} x C™) = {0}.

The Weyl function of the boundary relation T is

m;y 0 - 0
~ 0 mg - 0
M=1 . :
0 0 My,
Computation gives:
-1 0 1
Wiy +wizM = : : : )
0 -1 1
my o Mp—1 Mp
my - 0 0
Woy + woa M = : B : : )
0 —Mp-1 0
0 0 -1
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and

det (’LU11 + qu n 1 Zml

Since there exists at least one index [ such that m; is not a real constant, this
determinant does not vanish throughout C \ R.

Next, let M be the matrix defined by B.II). It is easy to check that M
satisfies M(w11 + ’LU12M) = wo1 + wng and this implies that

M = (w1 + w22M)(w11 + wig M)t

Theorem now yields that M is indeed the Weyl function of T'. 0

3.4 The point spectrum

It is elementary to locate the point spectrum of a pasting.

3.19 Theorem. Let n > 2, and let for each | € {1,...,n} a closed symmetric
relation S; in a Hilbert space H; and a boundary relation 'y C H? x C? for S} be
given. Assume that these data are subject to (Hypl)—(Hyp3), and consider the
selfadjoint operator A constructed by pasting {T'; : | = 1,...,n} with standard
interface conditions.

Letz € R. Then z € 0,(A) if and only if one of the following two alternatives
takes place.

(I/II) The point x belongs to at least two of the point spectra op(A;). In this case
its multiplicity Na of an eigenvalue is equal to

=#{le{l,...,n}: z€0,(A)} -
=#{le{l,....,n}: liﬁ)lglmml(x—i—is) >0} —1.

(IIT) The limits my(xz) := limeomi(x + i) all exist, are real, we have
limeyo = (my(z + i) — my(x)) € [0,00), and ;" my(z) = 0. In this
case x s a simple eigenvalue.

First we prove a technical statement which is an immediate consequence of
(Hypl), (Hyp2).

3.20 Lemma. Let S be a closed symmetric simple relation in a Hilbert space
H, letT' C H? x C? be a boundary relation for S* of function type. Set A :=
ker[m o T.

(i) For each (f;g) € A there exists unique 5 € C such that ((f;9);(0;5)) €

(13) Let YT : A — C be defined as Y(f;g) = 5 where ((f;9);(0;8)) € T', and let
x € R. Then the restriction of T to the set {(f,:cf) f €eker(A—x)} is
injective.

(i4i) Let x € R and o € C\ {0}. Then there exists at most one element of the
form ((f;zf); («; B)) which belongs to T.
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Proof. Existence of § is the definition of A. Uniqueness follows since mull’ N
({0} x C) = {0}. This shows (i) and that the map Y in (i¢) is well-defined.
Since I' is minimal, S is completely non-selfadjoint. We clearly have ker T C S,
and hence ker Y N {(f;2f): f € ker(A — )} = {0}. This shows (ii).

To show (ii), assume that ((f;2f); (c; 8)), ((f';2f"); (a; 8')) € T and that
f # ['. Without loss of generality assume that f # 0. By minimality of T" this
implies that (remember Remark B.])

mull = {0}, dimS*/S=2 dimN, <1, z€R.

Let A be such that f/ = Af, then ((0;0); (A — 1)a; A8 — B’)) € I'. Since A # 1
and « # 0, we obtain mull' # {0} a contradiction. We conclude that f = f’.
Since mulT' N ({0} x C) = {0}, it follows that also g = J'. O

Proof of Theorem [319.
Step 1; A preliminary observation: In this step, we show that
o > €A = FaoBi: ((f;0); (e 8)) €Ty

< fn 9n

Moreover, for these numbers 3;, it holds that 81 +---+ 3, = 0.
By the definition of A and T', cf. (8I0)), there exist vy, ...,y and B, ..., By
such that

f1 g1

(f;00); (; B)) €Ty, —ar+an=-+=—an_1+an =01+ -+, =0.

This proves the existence part (set o := «7). For uniqueness, assume that o’
and f1,..., [, are such that ((fi;¢:); (¢/;5])) € I'i. By (Hyp3) there exists an
index lp € {1,...,n} with mull';, = {0}. It follows that o’ = a and 3;, = 3.
Due to (Hyp2) it follows that for all indices 5] = f.

Step 2; Two examples of eigenvectors: Let x € R. First, consider the space

fi n

LZ::{ ; Eerr(Al—:z:):ZTl(fl;xfl)zo}.
=1

fa)

Since each map Y; is injective, we have

i f 0 , if for every [ ker(4; — z) = {0},
m4Ly = n . 3
Yo, dimker(A4; —z) — 1, if for some [ ker(4; — z) # {0}.

It is clear that £, C ker(4 — ).

Second, assume that there exist elements f; € ker(S; — z) and §; € C such
that ((fi;zf1);(1;6;)) € Ty and By + -+ - 4+ B, = 0. Then, clearly, (f1,...,fn) €
ker(A — x).

Step 8; Determining the eigenspace: Let z € R and (f1,...,fn) € ker(A —
x) \ {0} be given, and let a and fi,...,0, be the unique numbers with
((fsxf); (e; 81)) € Ty, 1 =1,...,n. We distinguish the two cases that a = 0
and o # 0.
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Assume that o = 0. Then f; € ker(A; — ) and §; = Yi(fi;zf;). Hence, in
this case, (f1,...,fn) € La.

Assume that a # 0. Clearly, f; € M, for all l. Moreover, whenever mull'; =
{0}, we must have f; # 0. Let us show that

ker(A; —x)={0}, I=1,...,n.

If fi =0, then mulT; # {0}, and hence H; = {0}. If f; # 0 and ker(4; — z) #
{0}, then f; € ker(A; — ) since dimN;, < 1. Thus there exists 3] with
((fi;xf1); (0;87)) € Iy, and it follows that mull'; # {0}. This contradicts the
fact that f; £ 0.

Next we show (still assuming o« # 0) that

ker(A —z) = span{(fl,...,fn)}.

Let g = (g1,...,9n) € ker(A — ) \ {0} be given, and let o and S1,..., [, be
the unique numbers with ((g;;z¢:); (¢/;58]) € I, 1 =1,...,n. If &/ =0, we
would have ker(A4; — ) # {0} for at least one index {. This contradicts what we
showed in the previous paragraph, and we conclude that o/ # 0. Set A := %
Then ((Afi;zAf1); (¢/;08:)) € Ty, and it follows from Lemma B.20, (i4¢), that
9= A1

Putting together these facts with what we showed in Step 2, we obtain that
for each real point = one of the following three alternatives holds:

(1) ker(A —z) = {0}.
(14) There exist at least two indices | with ker(4; — z) # {0}.

(17i) We haveker(4;—x) = {0},1=1,...,n,and NV, , # {0} whenever mulI'; =
{0}

If the alternative (i) takes place, then ker(A — x) = L£,. If (i) takes place,
then dimker(A — z) = 1.

Step 4; Asymptotics of m;: The characterizations stated in the theorem now
follow from standard Weyl function theory. First, a point € R is an eigenvalue
of A; if and only

limeImmy(x +ie) > 0.

el0
Next, assume that mull'; = {0}. Then we have N, \ ker(4; — z) # 0 if and
only if

. . 1 .
my(z) = 1le01 my(z +ic) € R, 1le01 = (mu(z + ie) — my(x)) € (0,00).
If mull’; # {0}, then m; is identically equal to a real constant, and hence
trivially limg o my(z + i€) exists in R and lim, g %(ml(x + ig) — ml(:n)) = 0.
Conversely, if these two relations hold, the function m; must be a real constant.
Finally, we need to relate the limit m;(z) with the boundary relation I';
under the assumption that this limit at all exists, and that lim.}o %(ml(:c +
ie) — ml(:n)) € [0,00). For € > 0, let f; . and f; . be the unique elements with

((fl,s; (1' + ie)fl,s); (1; ﬂl,e)) ely.
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Then, by the definition of m;, we have m;(z + ic) = ;.. The abstract Green’s
identity gives
el fiel? = Tmmy(x + ie)

and hence || f; || remains bounded when e approaches 0. Let f; be the weak
limit of f; . for € | 0. Since I'; is a closed linear relation, it is weakly closed, and
we obtain

((fi;2f1); (L;mu(x))) € T
This finishes the proof. O

4 Computation of rank for singular spectrum

The following theorem is our main result, and this section is entirely devoted
to its proof. Concerning terminology for boundary relations, remember Defini-
tion

4.1 Theorem. Let n > 2, and let for each | € {1,...,n} a closed symmetric
simple relation S; in a Hilbert space H; and a boundary relation I'; C H12 x C?
for S} be given. Assume that each I'j is of function type, and that at least
one I'y is a boundary function. Let p; be the measure in the Herglotz-integral
representation of the Weyl function of Ty, set pn:= Y ' | i, and let pus be the
singular part of p with respect to the Lebesgue measure.

Consider the selfadjoint operator A constructed by pasting {I';: 1 =1,...,n}
with standard interface conditions. Denote by E the projection valued spectral
measure of A, let Eg be its singular part with respect to the Lebesgue measure,
and let Eg qc and E; s be the absolutely continuous and singular parts of Es with
respect to . Moreover, let N be the spectral multiplicity function of A and

r(z):=#{le{l,....,n}: Dyw(z)>0}.
Then the following hold:
(1) Esac~ Lx_, - s where X=q1 :=r"1({2,...,n}) .
(II) Na(z) =r(x) — 1 for Es 4e-a.a. points x € R.
(III) Na(z) =1 for Es s-a.a. points x € R.

4.2 Remark. We may assume without loss of generality that all boundary rela-
tions I'; with possible exception of I';, are boundary functions: First, reordering
the boundary relations I'; obviously does not change the relation A. Second, it is
easy to see that the pasting with standard interface conditions of a collection as
given in the theorem is always unitary equivalent to the pasting with standard
interface conditions of a collection with at most one boundary relation being
a proper relation (take instead of k pure relations {((0;0); (w; Biw)),w € C},
l=1,...,1x, one relation {((0;0); (w; 2521 Biw)),w € C}).

Let us recall some notation: The Weyl functions of the boundary relations I’
are denoted as m;, and we set m := >_;"_; m;. The boundary relation I is as in
.10, and we denote by M (z) = (M;;(2));;—; its Weyl function. Explicitly, the
function M is given by @.I0)). Let Q = (Q4;)7';_; be the nxn-matrix valued
measure in the Herglotz-integral representation (Z.8]) of M, let p be the trace
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measure p = tr (2, and let w = (w;;)7";_; be the symmetric derivative of 2 with

ij=1
respect to p, i.e.
dQdi; o
w(x) Z:—(ZL'), Z,jil,...,n,
1] dp

whenever these derivatives exist.
Moreover, remember [3.15] which says that the actual task is to compute
rank w(z).

Stage 1: p-singular part.
In this part, we prove the following statement.

4.3 Proposition. If the set X C R s p-zero, then for p-a.a. points x € X the
symmetric derivative w(x) exists and rankw(z) = 1.

The proof is split into two parts. First, the case when the right lower entry M,,,
of M dominates.

4.4 Lemma. Let x € R, and assume that
(i) The symmetric derivative w(z) exists.
. d
(i) 3/%(:0) = 0.
(141) wpn(z) > 0.

Then the limits my(x) := liﬁ)l my(x +1ie), L =1,...,n, exist, are real, and
£

m(z) := Liigm(x +ie)=0.

The rank of the matriz w(x) is equal to one.

Proof.
Step 1. Existence of limits. The present hypotheses imply that
dQnn dQpn dp
= —(z) = 4.1
dQZ] dQZ] dp Wij (SC)
= . = . 4.2
120 =2 ) a0, = ) 2

Applying Theorem 212 with Q,,, gives lim. o Im M, (z + i) = co. However,

My, = —%, and we thus have
. 1
Iim|{Im—| =
0 m(x + i€)

In particular, lim. o m(z + i) = 0. Since Imm; is nonnegative throughout the
upper half-plane, this implies that also lim.jo Imm;(z +ie) =0,1=1,...,n.
In order to capture behavior of real parts, we apply Theorem 2.13] with the
measures {1;; and €,,. This gives
Im Mij (SC + ZE) - Wij (ZL')

210 T My (z +i2)  wpn(z)
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Let I € {1,...,n — 1}. For each z € C*, we have

mi(z) 1
Im My, (2) Im ml(z) _ Remi(2) + Imm,(2) Re e) (43)
Im M, () Im m%z) Im m%z) ’ '
and . )
mmilz
I R <1 ‘ <1
m i (2) em(z) < Tmmu(z) m(z)| =~ Imm(z) —

Hence, the limit of Rem; exists, in fact,

lim Remy(z + ie) = Win(2) .
B W ()

Since we already know that imaginary parts tend to zero, thus

lim my (x + ie) = l"(x), l=1,....,n—1
€l0 nn (:L')
Since m tends to zero, it follows that lim. o m, (z + i) = — ;" :}”iz(i)

Step 2. Computing rank. Let [ € {1,...,n — 1}. For each z € CT, we have

o M) — PG — )]
m(z)
=Im miz) Re (my(2)[m(z) — my(2)])+ (4.4)
+ Re L Im (ml(z)[m(z) - ml(z)]) ,

m(z)

and

Re % Tm (ml(z)[m(z)ml(z)])‘ <

=|Re % -Immy(z) - Re (m(z) — ml(z))

+ ‘Re

+

1
e -Remy(z) - Im (m(z) — mz(Z))’ <

‘ Imm(z Z|Rem]

< ‘Re
m(z)

Imm
ZIRemg z)| < ZIRemj(Z)
=1

Since m;(z + ie) approaches a real limit when ¢ | 0, and m(x + i¢) tends to
zero, and | Im @| tends to infinity, we obtain (the “o(1)” understands for

€l0)

Im My(z +ie) = —Im ———— - (mj(z) + o(1)), l=1,....n—1.
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Arguing analogously, we obtain

1

Im My, (z + ic) = —Im @) (mu(z)my(z) + o(1)),

Lk=1,....n—1, l £k,
1
Therefore
1 n—1
A 2
Imtr M(x +ie) = —Im @+ o) (1 + ;ml (x) —l—o(l)) :

and hence, referring again to Theorem 2.13]

=
1+ l; m?(x)
mi () ma()mi(z) oo mna(@)ma(z)  oma(x)
ma(x)ma(x) m3(x) e mpor(@)me(x)  ma(x)
X : :
my(@)mn—1(x) ma(@)mn_1(z) - my_y(z)  mpoi(@)
ma(z) ma(x) - Mp—1(x) 1
Obviously, the rank of this matrix is 1. 0

Second, the case that the right lower entry of M does not dominate. In this
case, a more refined argument is necessary. First, two technical observations.

4.5 Lemma. Let D C C be a connected set with x € D. Moreover, let f,g :

D — CT be continuous functions. If lim_, % = —1, then
I I
fim 2SOy Imo(®) (4.5)

Proof. For z € CT, let arg z denote the branch of the argument of z in [0, 7].
Then arg f and arg g are continuous functions. We have

}Lrg [arg f(t) —argg(t)] = 7 mod 27,

and hence either

limarg f(t) =7 and tlim argg(t) =0,

t—z e
or

th—I}; arg f(t) =0 and %1_1}1315 argg(t) = .
In both cases, (@5 follows. O

4.6 Lemma. Let o € R, and let {f;}jen and {g;}jen be sequences of complex
numbers. Assume that
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(i) For each j € N we have Img; # 0.

(i) lLim & = a.
j—o0 93

(i) ftt = O(1) as j — oc.

. Imf;
Then lim Im—fJ = .
j—oo0 ‘M)

Proof. Let € > 0. Then, for sufficiently large indices j, we have

Ii
9i

- <E.

This implies that ‘ Im f; — aImgj’ <|f; — agj| < €|g;], and hence

Im fj
Img;

—

Due to our assumption (#i¢), the right-hand side of this estimate can be made

arbitrarily small for large indices j.
Now we are ready to settle the case that M,,,, does not dominate.
4.7 Lemma. Let x € R, and assume that
(4)
(i%) %(x) = 00.
)
)

The symmetric derivative w(x) exists.

(141) wpn(z) = 0.
(iv) %(z) =0.
(v) There exists no k € {1,...,n} with lslﬁ)l %m =

Then the rank of the matriz w(x) is equal to one.

U

Proof. Since wy,(x) = 0, there exists an index k € {1,...,n — 1} such that
wik(z) > 0. From this, the condition (i7), and Theorem 213 it follows that

Im My ($ + ig)

—_— L — > 0.
210 Im tr M(z + ie) Wik ()
Throughout the proof we fix an index k& with this property.

Step 1: In this step we deduce that

. m(x+ie)
lim ————~ =
elo my(x + ie)

By Theorem [ZT3], the present hypotheses (iv) and (i7) imply that

. Imm(z + i)
lim —————— =0
elo Im tr M (z + ig)
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Therefore, using (.0, one has lim. o Ilmm(IHE)

W =0. We COmpU_te

I My —Im mg(m — my) _ Im[myg (m — my)m) _
m Im|?

_Im[mg(m —my,) (M — Ty, + my)]

Im|?
—‘w‘ Im k—i—‘—‘ Im(m — my) . (4.8)
From this we have
Imm _ 1
T Mg [ |* Imnma) s | o

Using the estimate

’mkr Im(m — my,) ’m—mk <

2 9 2
Immy, mg m — mg
<|=| +|—=

Imm Imm —

2
<9 %’ +2’ﬂ‘+1
m m

we see that the limit relation lim. o % = 0 implies (&1]).

m(x+ie)—my (z+ie) _

In addition, further rewriting (7)) as lim. o (i) = —1, we get
from Lemma that
Immy(x + i€) 0. i Im[m(x + i) — mg(z + ic)]
im———————~ = im =
<10 Remy(z + ie) " clo Re[m(z + ie) — my(x + ig)]

Step 2: In this step we show that for each I € {1,...,n — 1}

au(x) = Tim my(z + ig)

exists in R.
elo my(x + i)

Let I € {1,...,n — 1} be given. By (i), (#i), and Theorem [ZI3] we have

limg o II;H t?llvlf((fciii?) = wy(x). Using (L6), thus lim. o Ilzgl J\];I,z;((fciii?) = :;d,i;((?)'
From the computation (], it follows that
my(2) 12 Im(m(z)—my(2)) mi(z)  m(z) |2Imm(z)
Im Mll(z) _Img(2) Imm(z) + ’mk(z) mi(z) | Imm(z)
Im M, z - Im(m(z)—mg(2)) _ 2Im my(2)
kk( ) Im m(z) + ‘1 mk(z) Im m(z)

Due to ([@7), the denominator tends to 1 when z = x + ¢ and ¢ | 0. Therefore,

wi(x)

the numerator has the limit i.e.
wrk ()’

. my(x+ie) |2 my(x+ie)  m(x+ie) |2
181&)1 [ m;i(xjrl—;)’ + <’ (xirl—zi) mk(;—:—:a)‘
my(x+ie )‘ )Imml(z+i€)] wy ()

my(r+ie) Imm(x+ic) - wik(z) (4.9)




. ie) |2 .
Let us show that lim. g ’Z}i(&:‘z}) - :j]i(&)). First, if % were not
bounded as € | 0, then there would exists a sequence {¢;}en with ¢; | 0,
such that lim;_,o ’2;((2122)‘ 0o. We have
my m |2 my ’2 o my ‘2 1 mﬂk 1
my My mi ! lmy r ’
and it follows that
my(z+ie;)  m(z+ie;) ‘2 my(z+igj) ‘2
mg(z+ie;)  my(z+ie;) my(z+ie;) |
ic.) 12
=o ‘M’ asj —o0o. (4.10)
my(x+ic;)

Since 0 < Tmlrtie) < it follows that the expression on the left side of (@)

Im m(x+ie)
would also be unbounded, a contradiction. This means that
bounded when ¢ | 0. We have

my (z+ie)
my (x+ie)

( l
mp

m my m my
< ===+ |—)
myg myg my mig

remains

my m |2 my |2

mg mg mg

‘ my m ml‘

mg mg mg

and it follows that

=o0(l) aselO0.

my(z+ie)  m(z+ie) ’2 | mu(ztie) ‘2
mi(z+ie)  my(xtic) my(z+ie)
Now we get from (£9) that

mi(x + ie) |2 _

_ w”(x)
mg(x + ig)

lim .
Wk (:C)

el0

Next, rewrite

my Imm; Remgp Rem; Immyg
Im( ) =

me Il el ] ]

Since R R
| Remy| <1, | Re my| < ﬂ‘:
|| ||
Imm; Im mk Imm ’ ‘
) ~ = O
| " |m |mk|
we have lim, o Im (%) = (0. Therefore
cither lim @A) _ Jwn@) o (e tie) | fwu()
el0 my(x + i€) wik () el0 my(x + i) wik ()
my (x+ie)

In both cases the limit lim. exists and is real.

my (x+ie)
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Step 3; Computing rank: Let I,p € {1,...,n—1}. If | # p, then

my(z4ie)  mp(ztic)

Mlp((E + ZE) . my(x+ic)  myg(x+ic)
=1 - = . 4.11
elo My (x + ie) e - m((zitrzsa)) ai(x)a,(z) (4.11)

my (x+1i
If | = p, then
i my (z+ie) my (x+ie) m(x+ie)
. My(x+ie) . m;i(m-l—ia) ‘ (m;i(z—i—ie) - mk(z—i-ie)) o

lim ——— = = lim . =aj(z). (4.12)

€l0 Mkk(x + ’LE) €l0 1— %

my (x+i

From (v) it follows that there exists a sequence {¢;};en with €; | 0, such that
. Re My (x+ie;)
lim;j o ImMzi(z+iej) =0

@I and [@I2) that
Ilip(.T-i-’L'Ej)
Ikak($+i€j)

(1) as j — oo. Applying Lemma 6] we get from

=a(x)ap(x), lL,p=1,...,n—1.

Since w(z) is positive semidefinite, (4i¢) implies that

wij(x) =0, i=norj=n.

Altogether,
a3(x) az(x)ar(z) -+ ap—1(z)ar(z) O
) a1 (z)az(x) a3(z) <o ap—1(x)az(z) 0
w(r) = 1 :
P a}(z) | a1(@)an—1(2) az(z)anr(x) -~ ai_y(z) 0
- 0 0 0 0

The rank of this matrix obviously cannot exceed 1. However, ax(x) = 1, and
hence it is nonzero. 0

Having available Lemma [£.4] and Lemma 7] it is not difficult to prove Propo-
sition 31

Proof of Proposition [{-3 Let a pi-zero set X C R be given. It is enough to show
that the conditions (¢), (#¢) appearing in Lemma 4 and Lemma 7 and the
conditions (iv), (v) appearing in Lemma 7] are satisfied p-a.e. on X.

The fact that the symmetric derivative w(x) exists p-a.e., has been noted in
Remark 2.6l Denote by pq. and pg. the absolutely continuous parts of u and p
with respect to the Lebesgue measure. By Theorem [LI] pge ~ ptac < p. Thus
the set X is pgc-zero. Corollary [Z0] (iv), says that for ps-a.a. points z € R one
has gﬁ(z) = 00. Since X is pgc-zero, one has %(z) = oo not only for ps-a.a.,
but even for p-a.a. z € X.

Corollary 240 (iz), shows that for p-a.a. points x € X we have %’é(x) = 0.
Corollary 2.16 applied with the measure p and the measures that correspond to
the Herglotz functions M;; gives

|R6Mll(1' + ’LE)|

0, I=1,....n—1
Tmtr Mz +ie) 00 TS

for p-a.a. z € R. 0
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Stage 2: u-absolutely continuous part.

Consider the sets

du dp
X = R: —_— = N
reg {x € ™ (x) = o0, a (x) €0, 00),
| Rem(z + ic)]

Imm(z + i€) ooase 0,

d ' d
Vi=1,...,n: ﬁ(m) exists, and 1imM = ﬂ(m)}

dp elo m(x +ie)  dp

d
X! = {xEXreg: Ile{l,...,n}: ﬂ(z)zl},

reg du
dpu
X;;:{:CEXTG‘Q ﬂlG{l,,n} %(1‘>:1}

Note that, since Y ", %%(x) = 1 and %%(:c) € [0,1], one of the following
alternatives takes place:

(1) There exists one index ko with dg%(z) = 1, and for all other indices

k # ko we have %’L—’“(z) =0.

(>1) For all indices k we have %’L—’“(x) < 1, and there exist at least two indices
k with %% (z) > 0.
In this part we show the following statement.
4.8 Proposition. The following hold:
(i) The set X}, is p-zero.
(i1) For p-a.a. points v € X,eg the symmetric derivative w(x) exists and

rankw(z) =r(z) — 1.

First, an elementary fact which we use to compute rank.

4.9 Lemma. Let n € N, let by, ba, ..., b,,d € R\ {0}, and consider the matriz

bid—b1)  —babi - —buby

“biby ba(d—bs) - —bubo
Mg := . . . )

—bibn —bsbn -~ bu(d—bn)

Ifd = > by, then rank My = n — 1. Otherwise rank My = n.
=1
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Proof. We have:

d—b —-b —by
—by d— by —bo
rank My = rank . =
b, —b, d— by,
d 0 7b1 1 0 *bl
0 d —bo 0 1 —ba
= rank . . . = rank .
—d —d d— by, -1 -1 d— by,
1 0 7b1 n
0 1 —by n—1,d=>b=0
=1
= rank oo : = .
n 0
0 0 d— S b nooLd=2 b7
I=1

The next two lemmata contain the essential arguments.

4.10 Lemma. For each v € X,.;, we have

o gy = 57 ik (g e

Proof. Since —H(z) = 00, Theorem 212 gives lim.jo Imm(x + i) = oco. This
implies that

. Im M, (x+1ie) . 1

lim——— =lim————— =

elo Imm(z + ie) elo [m(x + ie)|?
Let I € {1,...,n— 1}. Then we have

Mll(SC + iE) . dpy dﬂl
elo m(z +ig) @( )(1 du (x)) ’

Choose a sequence {e;};en, €5 4 0, such that % remains bounded
when 7 — oo. Lemma [£8] yields that also

Im M € d d
lim m ”(SC Jr‘ZEJ) apy ( )(1 _ %
j—oo Imm(z + ie;) o

(:c)), I=1,....n. (4.13)

Now we use the sequence {¢;} en to evaluate %ﬁ (x) by means of Theorem 2.13
This gives

dp

. Imtr M(x+ie — u d
W) =1 —J - § i i ( ot ) 4.14
du (z) = Jggo Imm(x + ic;) — dp du () ( )
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4.11 Corollary. Let x € X,eq. Then

dp N =0, zeX),,
dpt >0, zeX7i.
Proof. Let & € X,cq. Then we have z € X, if the above alternative (1)
takes place, and z € X! if (>1) takes place. Hence, for 2 € X}, we have
7:_11 dd%(:z:)(l - dd%(:z:)) =0, and for z € X} this sum is positive. O
4.12 Lemma. Let x € X}, and assume that
(i) The symmetric derivative w(x) exists.
(i7) %(x) = 00.
Then J
rank w(z) :#{ZE (1,...,n}: %(m >0},1, (4.15)
w

Proof. By Theorem [2.T3] the present assumptions (¢) and (i) ensure that

Im M (x + ie)

= —_— . 4.1
cl0 Im tr M (x + ie) (4.16)

w(x)
It is easy to show that the last row and column of the matrix w(z) vanishes:
By Theorem [212] our assumption (ii) gives lim.jo Imtr M (z + ie) = oo. We
already saw in the proof of the last lemma that lim. o Im m(z +ic) = oo, and it
follows that lim. o Im M, (z + ic) = 0 and wp,(x) = 0. Since w(x) is positive
semidefinite, all entries w;;(x) with ¢ = n or j = n must vanish.
To shorten notation, set dj(x) := %’ﬁ(z). Let {e;}en be the same sequence
as in the proof of the previous lemma. Then not only (£I3]) holds, but also

. Ilik($+i€j)
lim ——————*
j—oo Imm(x + iej)

Referring to (@I6) and [@I4), we obtain

= —di(x)di(z), Lk=1,....n—1,1#k.

w(z) = — ! X
l; di(z)(1 — di(z))
di(x)(1 —di(z))  —dao(x)dr(2) - —dp—1(x)d1(x) 0
—di(z)dz(x)  da(x)(1—da(x)) - —dp—1(2)d2(x) 0
(@) (2)  —do(@)dnr (@) e dyr (@) dni(z) O
0 0 e 0 0

Applying Lemma with the matrix obtained from w(x) by deleting all rows
and columns which contain only zeros, gives

#{l:1<1<n-1,d(x) >0} nfdl(;c);u,

rankw(z) = ff_ll

#{l:1<1<n—-1,d(x) >0} -1, > di(z)=1.
=1
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The condition 27:_11 di(x) # 1 is equivalent to d, (x) # 0, and the formula ([@TI5])
follows. Il

Proof of Proposition [{.8 Corollary [£11] and Corollary [2.4] (¢), show that X,}eg
is p-zero. Denote

d
X+ = {.’L' c X>1 . W(-T) eXiStS, g(ac) = OO} .

reg reg *

Then Lemma [4.12 says that
d
rankw(z) = #{l e{l,...,n}: %(z) > 0} -1, zeXl,. (4.17)
"
We have

. dp
C {z €R: w(z) does not exist} U {z e R: a(x) € [0,00) U

U{zeR: %(z) does not exist} U X\, .
The first set in this union is p-zero by Remark By Corollary 28] (iv), the
second set is ps-zero. The third set is p-zero by Theorem [2.I] and the last by
the already proved item (¢). Together, and due to the fact that the set X,.q4
itself is Lebesgue-zero, we see that X,.4 \X;Leg is p-zero.

We have

Xreg \ X7

€9

dp
Xreg C{T €R\Ep @(5’3) € 0,00} U

Using Corollary [Z4], (éi7), we obtain that the intersection of every p-zero set
with X4 is p-zero. Hence, D, u(x) = Cg—‘:j(m) for p-a.a. © € Xieg, and (LI7)
implies that

rankw(z) =r(z) — 1, for p-a.a. € Xreg.

Stage 3: Finishing the proof of the main theorem.

Having available Propositions[Z3and .| it is not anymore difficult to complete
the proof of Theorem [Z.11

Proof of Theorem[{.1]l Let g = piac+ts and p = pac+ ps be the decompositions
of p and p with respect to the Lebesgue measure.

The set X, eq is pac-zero, because (as we know from Corollary 5] (i4i)) the
set {x eR: Z—‘;(z) = oo} is pgc-zero. The following properties hold:

(1) %’f(x) = 00 ps-a.e. (due to Corollary 20 (iv)).

(2) %2(x) € [0,00) and the limit % (x) exists p-a.e. (due to Corollary 3, (i),

and Theorem [2T]).

(3) Bemlatiol oo ase | 0 p-a.e. (due to Theorem ZI4).

Im m(z+ie)

(4) lim o 2eEEL — 41 () 4y -ae. (due to Theorem ZTH, (ii)).
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Hence, the set X4 is ps-full. Thus we can choose a Borel set X C X,.., with
ps(R\ X) =0 and pac(X) =0 (since X,¢4 is Lebesgue-zero).

Let & := U}, €. where €, ,, are exceptional sets as in Theorem 211 By
passing from X to X \ £, we may assume that the functions id%| + are Borel
measurable. Set

Xoae = XNX}

reg *

It is a Borel set. The set X~1 = 77 1({2,...,n}) in the formulation of the
theorem is determined only up to a p-zero (and hence ps 4.-zero) set. Since the
I22)

symmetric derivative Cil—# coincides p-a.e. with the Radon-Nikodym derivative

D, (i.e., is a representative of the class of equivalent functions), we may use
o dy
Xs1:=qz €R\E: for at least two indices d—(m) >0p.
m
Then X51 N X = X; gc.
Now we can determine the Lebesgue decomposition of ps; with respect to p.
Choose a Borel set Y with ps(Y¢) =0 and A(Y) = 0, so that ps = 1y - p. Our
candidates for the Lebesgue decomposition are:

Ps,ac = ILXS’M *Psy Ps,;s T ]lXC *Ps = ]lXCﬁY P
Since X \ X 4c C X}eg, by Proposition 4.8 (i), we have p(X \ Xs4c) = 0, so
Ps = Ps.ac + Ps,s. Furthermore, for every x € X, 4 we have gﬁ(x) € (0,00), and
hence by Corollary 24 (iii),

Psac ~ Ix ac p=Txo; - Ix-p=1x_, - ps. (4.18)

Finally, from ps(X¢) = 0 it follows that ps s L ps and therefore ps s L p. Thus,
indeed, ps qc and ps s are the absolutely continuous and singular part of ps with
respect to p.

From the fact that F ~ p and (£I8)) it follows that Item (I) of Theorem [A.T]
holds. Since X C X, and p, 4.(X°) = 0, Proposition .8 implies that

rankw(z) = r(x) — 1 for ps gc-a.a. points z € R,

which gives item (IT). Due to the fact that u(X°NY) = 0, Proposition [£3]
implies
rankw(z) = 1 for ps s-a.a. points x € R,

and this is item (III). O

Appendix A. Some examples

In this appendix we provide four examples in order to show that all possibilities
for the spectrum which are admitted by Theorem 1] indeed may occur. We
realize these examples on the level of Schrodinger operators. Due to the general
inverse theorem stated as the second part of Theorem [3.4] it would be somewhat
simpler to realize them on the level of boundary relations. However, in order to
remain in a more intuitive setting, we decided to stick to the Schrodinger case.
Also we should say it very clearly that our emphasize in this appendix is on
examples and methods rather than on maximal generality.
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Let us first recall in some detail how a half-line Schrédinger operator can
be considered as a boundary relation. This is of course a (if not “the”) stan-
dard example for boundary relations, see [GG84] and the references therein.
Formulated in our present language it reads as follows.

A.1 Remark. Let q be a real and locally integrable potential defined on (0, o0),
and assume that 0 is a regular endpoint and that Weyl’s limit point case prevails
at the endpoint co. Denote by T;,4, the maximal differential operator generated
in L?(0,00) by the differential expression —dd—; + g. For o € R, denote by I'(y)
the relation
Do) = { ((u, Trazw); (u(0) cos a + u'(0) sin a;; —u(0) sina + u'(0) cos a)) :
u € domeaz} C L?(0,00)* x C?
Then it is easy to see that I',) is a boundary relation (in fact, “boundary

function”) for the operator Tp,q,: For o = 0 see [DHMAS06, Example 1.3]. For
other values of o note that I',) and I'(g) are related by

(@) = wa o T(g)

with the Je-unitary matrix

( cosa  sin a)
We 1= . ,
—sina  cosa
and apply Theorem [B.12]

Apparently, the selfadjoint operator

Ay = ker [71'1 o I‘(Q)}
is nothing but the selfadjoint restriction of T},,4, given by the boundary condition
u(0) - cosa +u'(0) - sina = 0.

First we consider E . and F,. and give an example that an arbitrary number
of overlaps (embedded into absolutely continuous spectrum or not) can be pro-
duced. This is very simple; we elaborate it only for the sake of illustration and
completeness.

A.2 Ezample. Let A1, A2 be measures such that (A is the Lebesgue measure)
)\1 J_>\2, Aj J_A, Supp/\j = [0,1], A]({O}):Aj({l}):o, ]:1,2

For n,m € Z, n < m, set

m—1
/\gn’m)(A) = Z Aj(A—1), A Borel set.

l=n

Moreover, let f be the function



We consider the measures p1, ..., ug defined as

P RN CONINCU NI

o = )\52’6) +)\56’7) +f A
= +2577 A
. )\go,n n )\gzs) +)\53,8) Y

Now we appeal to the version of the Gelfand-Levitan theorem which applies to
the Dirichlet boundary condition, cf. [Lev87, §2.9]. The hypotheses of this result
are obviously fulfilled, and we obtain a potentials ¢, . .., g4 on the half-line, such
that p; is the measure in the integral representation of the Titchmarsh-Weyl
coefficient constructed from the potential g; with Dirichlet boundary conditions.

Let Aj,..., A4 be the corresponding non-interacting operators, and let A
be their pasting with standard interface conditions. Then support sets of the
spectral measures of Aq,..., A4 can be pictured as follows:

x -1 0 1 2 3 4 5 6 7 8
Ar: P =
A —— =
Asz : [ ! =
B [
A4 — — =
I ... contribution of A\j-shifts [ ... contribution of Ay-shifts

—— ... contribution of f - A

Support sets of Es .. and E,. including multiplicities are:

43



Support set of Es gc:

1
[ =
N 4(x): values E;s gc-a.e.
A
3 —_—
2 —_—
1
0 o
—1 0 1 2 3 4 5 6 7 8
Support set of Ege:
=

Values Eqc-a.e.: Na(z)=0 ! Na(z) =4

This example also demonstrates that from the singular spectra o5(A;) (which are
the closures of the above pictured support sets), one cannot draw any conclusions
about the singular spectrum o(A) or the spectral multiplicity function N4.

Next, we investigate with F,,, i.e., the possible appearance of new singular
spectrum. This is not so straightforward. In order to make explicit computa-
tions, we consider the situation which resembles a single half-line operator.

A.3 Remark. Let ¢ be real and locally integrable potential defined on (0, c0),
and assume that 0 is a regular endpoint and that Weyl’s limit point case prevails
at the endpoint co. Let n > 2, and extend the potential ¢ to the star-graph with
n edges by symmetry (i.e., consider the same potential on all edges). Matching
the notation of Theorem 1] we thus have

Fl::F(O)a l=1,---,n,

where T'(g) is defined for ¢ as in Remark [A.Tl Then the Weyl functions m; are
all equal, namely equal to the classical Weyl function m g constructed from the
potential g. Thus, m = n - mqg).

From Proposition B.I8 we see that the n x n-matrix valued Weyl function
M corresponding to the boundary relation I' constructed by pasting I'y,--- , ',
with standard interface conditions is given as

(n=Dmey — —me - =M -1
| e (n=Dmey -+ —m) -1
M=- : : : :
n
—m(0) —m@ey - (n=Dme  —1
-1 -1 . -1 _ml((,)

In particular,

1 1
tr M = —|(n—1)*m() — —
n m(o)

44



Denote by o and og the measures in the integral representations of m g and

fﬁ, respectively. Then, for the trace measure p constructed from M we have

P~ Mo + 00 .
Using the notation of Theorem 1] we thus have
p= 1" i), r(x) = n for y-a.a. points x € R,

and hence (denoting by p(g),s and og s the singular parts of 1oy and o with
respect to the Lebesgue measure)

(1) Es,ac ~ H(0),s>
(II) Na(xz) =n —1 for E; 4c-a.a. points z € R,
Es,s ~ 00Q,s - (Al)

Using appropriately chosen potentials ¢, we can now provide examples that
new singular spectrum (embedded or not) does appear, or that no new singular
spectrum appears.

A.4 Ezample (Appearance of new spectrum, partially embedded). In [Rem99,
Theorem 3.5] a class of potentials is given, such that for every boundary condi-
tion the corresponding Schrédinger operator A, satisfies (F' denotes a certain
Smith-Volterra-Cantor-type set with positive Lebesgue measure)

0sc(Ay) = [0,00), 0ac(An) = F?, 0,(Aa) N (0,00) = 0.

Using measure theoretic terms, we may thus say that there exist minimal sup-
ports of the corresponding singular continuous parts ji(q),sc of the spectral mea-
sures fi(o) Which are Lebesgue-zero sets, mutually disjoint, and dense in [0, 00).
For such potentials we see from (A that E, s # 0, i.e., new singular spec-
trum appears (precisely on a minimal support of y(x) ). The part of this new
spectrum located on the positive half-line is singular continuous. Moreover,
since () # supp E,. = F? C [0,00), some part of it is embedded into the ab-
solutely continuous spectrum. The spectrum originating from overlaps (which
happens precisely on a minimal support of 4 (q)) shares these properties.

A.5 Ezample (Appearance of new spectrum, not embedded). Consider the po-
tential .
k, |z—exp(2k2)| <3,
q(z) := .
0, otherwise.

This potential was studied in [SS96], and it turned out that for every boundary
condition the corresponding selfadjoint operator A, satisfies

Uac(Aoz) =0, USC(Aa) = [0,00).

Moreover, depending on the boundary condition either o,(A4) is empty or con-
sists of one negative eigenvalue. Expressed in measure theoretic terms, this
means that there exist minimal supports of the corresponding spectral measures
H(a) Which are all Lebesgue-zero sets, are mutually disjoint, whose intersection
with [0, 00) is dense in [0, 00), which contain at most one point on the negative
half-line, and that j(,) has no point masses in [0, c0).
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For this potential we see from (AJ)) that F; ; # 0, i.e., new singular spectrum
appears. This new part of the spectrum is singular continuous and embedded
into the spectrum originating from overlaps (the closures of minimal supports
of E, 4 and Es ; are both equal to [0, 00)).

A.6 Ezample (Non-appearance of new spectrum). We follow the idea given
in [Don65|] to construct examples, and use the type of measures discussed in
[Don65, Example 1] and the Gelfand-Levitan theorem. However, we need to re-
fer to the version of the Gelfand-Levitan theorem which applies to the Dirichlet
boundary condition, cf. [Lev87, §2.9].

Let us first recall the argument made in [Don65, Example I]E Let f be a
continuous, bounded, and positive function on R, let Ay be a positive measure

with [p dﬁg) < 00, and consider the measure

V::)\o—f—f')\,

where X is the Lebesgue measure. Denote by m the corresponding Herglotz-
function

t—z 1+¢2

Then, since v > f - A\, we have

m(z)::/R( L ;)dl/(t), z€ C\R.

limiionflmm(z +ie) > nf(x), zeR.
£
In particular, the function m(z) never approaches a real boundary value when
z tends to a real point (along a perpendicular ray).
Consider the Herglotz functions

Tm(z) — 1

—— TE€R,
m(z)+ 7

m,(z) =
and let v; be the measure in the integral representation of m,. Then, by
Aronszajn-Donoghue (cf. [GT00, Theorem 3.2,(3.17)]), the measures v, are all
absolutely continuous with respect to the Lebesgue measure.

Next, we make an appropriate choice of f and \g, so to allow an application
of the Gelfand-Levitan theorem. Set, for example,

2 e x<l,
f(x)z—{ ]

r2 , x2>1,

and let Ag be compactly supported. Then the hypotheses of the Gelfand-Levitan
theorem are obviously fulfilled, and we obtain a potential ¢ on the half-line, such
that the measure v is the measure in the integral representation of the Weyl
function constructed from the potential ¢ with Dirichlet boundary conditions.

Symmetrically extending the potential ¢ constructed in the above paragraph,
yields examples with

(1) Es =0 (choose \g = 0),
(14) Esqc # 0 but E,; s = 0 (choose A\ to be singular).

9 Again, we do not aim for maximal generality.
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Appendix B. Other boundary/interface condi-
tions

In the first statement of this section we show how Theorem 1] can be used to
deduce the classical result of Aronszajn-Donoghue that the singular parts of the
spectral measures corresponding to different boundary conditions in a half-line
problem are mutually singular. This approach is of course more complicated
than the original one, and hence should not be viewed as a “new proof of an
old result”. The reasons why we still find it worth to be elaborated are: (1)
reobtaining previously known results gives a hint that the new result is not
unnecessarily weak, and (2) it demonstrates the usage of boundary relations
with a nontrivial multivalued part.

B.1 Corollary (Aronszajn-Donoghue). Let g be real and locally integrable po-
tential defined on (0,00), assume that 0 is a reqular endpoint and that Weyl’s
limit point case prevails at the endpoint co. Let ay,as € [0,7), aq # aw, be
given, and let A, denote the selfadjoint operators given by the corresponding
boundary condition. Then the singular parts of the corresponding spectral mea-
sures are mutually singular.

Proof. Let Tynq. be the maximal operator associated with differential expression
fj—; + ¢, and let Ty, be the boundary relations constructed in Remark [Al
Moreover, denote by fi(q;), j = 1,2, the measure in the integral representation
of the Weyl function of I';.

Set 8 := a1 — a9, and denote by I the boundary relation
[= {((0;0); (—wsinﬁ;wcosﬁ)) cw € (C} c{0}*xC?. (B.1)

Then the pasting I" of I' and ['(a,) with standard interface conditions is given
as

() ()
(oo o0 a0y omen)? (o) cosen @ sinant)))
weC, ue domeaI} C ({0} x L*(0,00))* x C2.

A short computation shows that (we identify {0} x L?*(0,00) with L*(0,00))
ker [71'1 ) 1"] = A,,. The Weyl function m of I" is equal to the real constant
— cot B; note here that g € (—m,7) \ {0}. The measure f in its integral repre-
sentation is thus equal to 0. Using the notation of Theorem [£1] we have

B= [ha) r(x) =1 for p-a.a. points z € R

and hence Es o = 0. However, E' ~ (i(4,), and we see that (i(q,) s = f(ay),s,s L
H(ar)- Therefore H(ar),s 1 H(ag),s-

Finally, we provide some knowledge on other interface conditions than the stan-
dard ones. In the context of this example, it is however important to add two
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remarks:

(1) The formula for spectral multiplicity will not be given in terms of the spec-
tral measures of the non-interacting operators, but in terms of the corresponding
Weyl functions. Hence, the below result cannot be viewed as a strict analogue
of Theorem 1] for other interface conditions.

(2) The applied method provides knowledge only about a particular (small) class
of interface conditions. It does not lead to a treatment of arbitrary interface
conditions on a star-graph, and even less to a formula for multiplicity on graphs
with a more complicated geometry.

B.2 Proposition. Let n > 2 and real valued locally integrable potentials q,
l=1,...,n, on the half-line be given, such that q; is reqular at 0 and in Weyl’s
limit point case at co. Let ay,...,an, € [0,27) and b € (0,7) be given, and
consider the selfadjoint matriz Schridinger operator A defined on L*(0,00)™ by

the differential expression fj—; + V' with the diagonal matrix potential

a1 () )
Vix) := .
( qn(z)

and the interface conditions

u1(0) cosar +uy(0)sina; = -+ = u,(0) cos a,, + ul,(0)sina, ,
- B.2
> [wi(0) cos(ar — b) + uj(0) sin(a; — b)] = 0. (B2)
=1

Denote the Titchmarsh-Weyl coefficient constructed from the potential q; (with
Dirichlet boundary conditions) as m;, and set

{:c € R: limgjgmy(z +ic) = fcotal}, a; ¢ {0, 7},

Sp

{meR:limgwlmml(x—i—ie):oo} , a; €40,7}.

Then

#{le{l,...,n} x5} -1, Fsq4e-a.e.,
NA(x):{l{ } FEs s-a.e

Proof. First of all, let us explicitly state how the operator A acts:

Ui 2 Uy qi1ul
Al | =——1 | + : ,
. dZCQ . .
un un Qnun
on the domain

n

dom A := {(ul,...,un) € HLQ(0,00) :

=1
uy, uj are absolutely continuous, —u;’ + qu; € La(0, o),

ui,. .., U, satisfy the interface conditions (IEI)} )
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For I =1,...,n let I'; be the boundary relation which is defined from the po-
tential ¢; as I'(,,), cf. Remark [AJl Moreover, let I’ be the boundary relation
defined in (BI). We consider the pasting of T'y,..., I, I’ with standard in-
terface conditions. Then an element (uq,...,u,) belongs to the domain of the
operatold ker[m; o T'] if and only if

u(0) cosa; + uj(0)sina; = —wsind, 1=1,...,n,
JweC: n )
> [ — w(0)sina; + w(0) cosar] = —wcosb.
=1
Eliminating w from these equations, yields the assertion. 0
B.8 Remark. Some observations are in order:

(7) It is interesting to notice that the support set and the multiplicity function
corresponding to F; .. does not depend on the choice of the parameter b.

(i4) The fact that the value “b = 0” is excluded is natural. For this value the
conditions (B.2) reduce to

u1(0) cosar + v (0)sina; = -+ - = u,(0) cosan, + u,(0)sina, =0,

i.e., the operator A is equal to the direct sum of the non-interacting
operators A; defined by the potentials ¢; using the boundary condition
u1(0) cosa; + u;(0) sina; = 0.

(4ii) The case that “b = 7 could be treated somewhat simpler. For this
value the operator A coincides with ker[m, o I'] where T is the pasting of
I'y,...,I',, with standard interface conditions.
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