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Dark solitons of the Qiao’s hierarchy

Rossen 1. Ivanov and Tony Lyons

School of Mathematical Sciences, Dublin Institute of Technology,
Kevin Street, Dublin 8, Ireland

Abstract

We obtain a class of soliton solutions of the integrable hierarchy which
has been put forward in a series of works by Z. Qiao. The soliton
solutions are in the class of real functions approaching constant value
fast enough at infinity, the so-called ’dark solitons’.

PACS: 05.45.Yv, 02.30.1k, 02.30.Zz

Key Words: Inverse Scattering Method, Nonlinear Evolution Equa-
tions, Solitons.

1 Introduction

The interest inspired by the Camassa-Holm (CH) equation and its singular
peakon solutions [I] prompted search for other integrable equations with
similar properties. An integrable peakon equation with cubic nonlinearities
has been discovered first by Qiao [I1] and studied further e.g. in [12, [13].
Another equation with cubic nonlinearities has been found by V. Novikov [9].
The Lax pair for the Novikov’s equation is given in [7], (see also a remark on
the peakons of Qiao’s equation in [7]). Actually the Qiao’s equation

my + (m(u? —u2)), =0, m = U — Uygy (1)
together with the CH equation
my + 2uzm + um, = 0, M= 1U— Uy (2)

belong to the bi-Hamiltonian hierarchy of equations described by Fokas and
Fuchssteiner [4]. The Qiao’s equation has a distinctive W/M-shape travelling
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wave solutions [I1},[12]. The peakons of Novikov’s equation have been studied
in [8]. 2+ 1 dimensional generalizations of Qiao’s hierarchy are studied in
[3]. Single peakon, mutil-peakon dynamics, weak kink, kink-peakon, and
stability analysis of the Qiao’s equation were studied in [I4] and [5]. For the
CH and related equations one can consult the monographs [0, 2, [10] and the
references therein.

Equation (I]) can also be written as

my + (u* — u2)my + 2u,m? = 0. (3)

Qiao presented a 2 x 2 Lax pair for this equation given by the linear
system ¥, = UW¥, ¥, = VW with

o= (k)

2
VvV - A2+ ;(u2 u?) A Hu — uy) — smA(u? — ul)
AN+ uy) + smA(u? — u?) A2 — (u? —ud) '

There is another equation from the same hierarchy,

)~ (). ©

for which the V-operator is ¥; = VoW where

A A A2 m(mg—maz)+3m2
Va2 = _< 2 m(mW—LI—m )—3m?2 " m : (6)

2y
m4 m

The (white) soliton solutions of ({l) and (Bl have been found previously
[15, 17]. These studies rely on the fact that the spectral problem for () is
gauge-equivalent to the one for the mKdV equation. In this study we will
present soliton solutions approaching a constant value for |z| — oo (dark
solitons). To this end we are going to formulate the spectral problem in the
form of a Schrodinger operator, which is the same spectral problem as for
the KdV equation.

2 Reformulation of the spectral problem
Let us consider solutions such as

m(z,t) > 0, lim m(z,t) = my, (7)

r—*+00

2



where my is a positive constant. Let us assume also that m(z, ) —mg € S(R)
for any value of ¢t. One can reformulate the spectral problem into a scalar
one as follows. Introducing ¥ = (1, ¢)? the matrix Lax pair written in
components is

20, = —mAY + ¢.

With a change of coordinates

_ 2 _Lie
Oy =—0: =5 [m %} (8)

we obtain the following scalar spectral problem for ¢(y, A) (sometimes we do
not write the argument ¢ which is an external parameter for the considered

spectral problem)
(), 7%
m), m

Note that this is a Schrodinger’s operator with a potential

— by + ¢ = )\2¢- 9)

Uly,t) = (i>y L (10)

m m

It is well known how to recover U(y,t) from the scattering data of (@), how-
ever the solution is m(y,t) and its recovery from U(y,t) necessitates solving
a nonlinear (Riccati) equation. We can express m(y,t) in terms of the eigen-
functions of the Schrédinger’s operator. We introduce p(y, \) = %’ from
which we immediately obtain

py+p2=%=U(y)—A2-

If we define
po(y) = p(y,0)

then we have
U(y) = poy + pi-

However, due to ([I0) we now have = = p, or

1 ¢t
po(y,t) (by(:%tv )‘> A=0

3

m(y,t) =



So far we treated y as a new variable instead of x. However we can treat
y as a parameter, and then (1) represents the solution in parametric form,
where the original variable x is given due to (&), (I1) by:

z(y,t) = 2In¢(y, t,0) + const. (12)

Assuming that ¢(y, t,0) is everywhere positive, we have a solution in para-
metric form (III), (I2) given entirely in terms of the eigenfunctions ¢(y,t,0).
One can write formally the solution (neglecting the constant in the last for-
mula) as

m(z,t) =2 /00 d(x—2In¢(y,t,0))dy. (13)

3 Inverse scattering and Soliton solutions

From (7)) and (I0) it follows that U(y) does not decay to 0 when y — +oo.
To this end we introduce the modified potential

~ 1
Uy)=Uly) —— 14
(y) =Uly) e (14)
for which limy,| .. U(y) = 0. So we have
1 1
_¢yy + |:U<y> - m_g:| ¢ = ()‘2 - ﬁ%) o,
or, introducing a new spectral parameter
2 2 1
my

we have a standard spectral problem

— by + U()o(k,y) = K2o(k,y),  Uly) € S(R). (16)

When A\ = 0 however we find k = imio for k. This means that if one takes
an eigenfunction ¢(k,y) of (1) analytic in the upper (lower) half complex

k-plane, one should evaluate it at k = - (k = —=-):
¢y, t, k)
m(y,t) (17)
¢y(y>ta k) k:imLO
1) = 2o (y,t, ii) | (18)
Mo
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The spectral theory for the problem (If]) is well developed, e.g. [16]. We
are going to use these results to construct the soliton solutions of (), (5.
One can introduce scattering data as usual. For the time-dependence of the
scattering data one needs the time-evolution of the eigenfunction ¢(k,x).
The Lax-pair in x and ¢ variables for (Il) has the form

My 1 my m? 9
_ S C A 1
Ors m¢x+(4 e 4A)¢, (19)
1 (ug + Ugy u+u,  u?—u?
- — — z 2

where 7 is an arbitrary constant. The second equation, (20) in asymptotic
form r — +oo is

1 m2
o — — {§+7°} bz + VP,

or, in terms of k, y-variables when y — +o0,

m3
oy — —70{

k*md + 3

since

lim m = lim u = my.
|y|—o00 |y|—o00

Defining Jost solutions by

; tky _
Jm ex(y, k)e™ =1, (22)
such that

and noting that ¢ — ae™™*¥ + be™™ when y — co we find from (21))

3 r7.2,.2
my | K*mg+3|
a; = e [7k2m% " 1} (ika) + va (24)
md [k*m2 +3
by = ——2 | =2 "1 (ikb b. 2
tT Ty [k2m3+1] (ikb) + (25)
Requiring a; = 0, we find
ms [ k*m2 + 3
by = —ik—2 | —2— = ) p(k, ¢
¢ R (kag—i—l) (k. )

bt



and thus for the scattering coefficient r = b/a we have

3 /12,2
Lomy (k*mg+3
= _ R 2
r(k,t) r(k,O)eXp[ ik 5 (k2 %+1)t]’ (26)

and for the analogue on the discrete spectrum k = ik,

b(iky,)
ia (iky)

R(t) = (27)

379 2.2
= R, (0) exp {Hnm(](?) H"m(])t]

2(1 — k2m3)

For the equation (Bl the time evolution of the spectral eigenfunctions is
given by

v m(mg + mg,) — 3m?

b= bt (N —0) 2o 16, v= (28)

= —
m ma

and analogous considerations give

r(k,t) = r(k,0)exp [—m <% + k2> t] | (29)

0

Ru(t) = Ru(0)exp {zﬁn (% _53) t]. (30)

0

It is convenient to introduce a dispersion law for the hierarchy, which for
the considered two members is

mdit for eq. (@) .
f(/{) — 2(1 K mO)
25 (1—mgr?)  for eq. ().
0

Then for the whole hierarchy we can write in general

Ru(t) = R.(0)exp (f(kn)t). (31)
For further convenience we introduce

f(“n)t 1 In Rn«)).
2K, 2K, 2K,

any—

The eigenfunctions of the spectral problem (6] are well known, see e.g.
[16]. In the purely N-soliton case the eigenfunction, analytic in the lower
complex k-plane is the Jost solution ¢, (y, k) defined in (22]) which has the
form



pi(yt, k) = ™ <1+Zk_m> (32)

with the residues I',,(y, t) satisfying a linear system

Lo(y,t) = iR, (t)e > (1 + Z s w) :

The time-dependence of the scattering data is given by (B1). The N- soliton
solution then is given in parametric form by (I7) and (I8) for the eigenfunc-
tion ([B2). The condition 0 < k,, < my" is sufficient to ensure smoothness of
the solitons.

4 Example: One-Soliton Solution

The one-soliton solution corresponds to one discrete eigenvalue ki = k1,
where k; is real, positive and x; < mg'. The eigenfunction in this case is
B2)
: 1 iRy (t)e Y
tk)=¢e" (1 : 33
<,0+(y, ) ) (& < + ]{Z—’i/il 1+ Rl(t) o—2r1y ( )
Evaluated at k = 7;—(’) we find
—1 1 Ry (t)e2m1y
, T, —emo [1— .
P+l mo) ( L0 tr 14 Rl(t)e 2r1y

From (I7) and (I8) we obtain the one-soliton solutions

Kymge 18
1+ Kymyg) cosh k13

o(y, ) = 2y+21n< ( (34)

mo

m(y,t) = o ) (35)

1_'_ mlmosech k11
1—mok1 tanh k1&1

The extremum (minimum) of m occurs when
1 1 —mok
b= Lo (Lo mosn)
451 1 —+ moK1
This is a constant value, e.g. the soliton moves with a V61001ty o ) that

depends on the dispersion law (i.e. the chosen equation from the h1erarchy)
The profile of the dark soliton is given on Fig. [l
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Figure 1: One soliton profile, my = 2, k1 = 0.2.

5 Example: Two soliton solution

In the case of two discrete eigenvalues we compute

—1 Y K1+tK2

2
. 1+V16—2m§1 +V26—252§2 + (m—m) 1/11/26_25151_252&
7t7_ =€emo
o4 (y m )

2
0 1 + 672n1§1 + 67211252 _'_ (Hl;/‘iZ) 6721115172/{252
K1+kK2
(36)
where the following notation is utilized:
)=t j=1,2
J T 1 ) o
mo + 1

From (I7) and (I8]) we obtain the two-soliton solutions:



| S |

200 ~1oo 0 100 200 ~J00 -100 ] 100 200 ~J00 ~Too0 0 100 200

Figure 2: Snapshots of the two (dark) soliton solution of the Qiao equation
(@), for three values of ¢ : —30, —12 and 30. The other parameters are
Mo = 2, K1 = O]_, Ko = 0.25.

2 A
2y, ) = %mlnA—: (37)
mo
m(y,t) = 13 mohs (38)
A1As

where the following notations are used:

2
K1 — KR
Al(yv t) = 1+ e b + o~ 2r282 + <¥> e 2r181—2K282

K1+ Ko

K1 — R 2

Ao(y,t) = 1+ pre 28 et g ( 1 2) Uy vpe 22k
K1+ Ko

4k? Ak2
A?’(y’t) — 1 67211151 _'_ 2 672.‘{252
mal + K1 mal + Ko
2
n 8(k1 — k2) o~ 2m161- 2662

mo(ma1 + /@1)(m51 + Kag)

2
45% %% K1 — Ro _ _
+ e 4r161—2K282

mal + Ko K1 + Ko
4/@%1/2 K1 — Ko 2 k161 —drat
+ — e 2K181—4dK2ga (39)
my + Ky K1 + Ko

The interaction of two dark solitons is illustrated on Fig. (2



6 Conclusions

In this paper we demonstrated how the spectral problem for the Qiao’s hier-
archy can be reduced to the one for the standard Schrodinger operator and
hence the soliton solutions (’dark’ solitons) can be obtained in a straight-
forward manner. This necessitates constant boundary conditions for the
solution and also a restriction on the discrete eigenvalues 0 < k,, < mg".
It is interesting what happens to the solutions if this condition is violated.
Based on the similarity with Camassa-Holm equation it is likely that there
are breaking waves present in this case. Moreover, the equation (Il) has a
conservation law in the form

Xp(z, t)ym(X,t) = m(zx,0)
where X is the solution of
Xt(xvt) :uQ(X’t)—ui(X’t)’ X(l‘,O):ZE

It is likely that this conservation law will play an essential role in the study
of the wellposedness, existence and breaking of the solutions.
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