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Abstract

The geodesic equations of a class of right invariant metrics on the semi-direct
product Diff (S")@Diff(S') are studied. The equations are explicitly described,
they have the form of a system of coupled equations of Camassa-Holm type and
possess singular (peakon) solutions. Their integrability is further investigated,
however no compatible bi-Hamiltonian structures on the corresponding dual
Lie algebra (Vect(S')®Vect(S'))* are found.

Mathematics Subject Classification, Primary: 58D05, 37K65, 58B20; Secondary: 35Q53.
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1 Introduction

V.I. Arnold put forward the idea of using geodesic flow in the analysis of the motion
of hydrodynamical systems [1]. He showed that the Euler equations of hydrodynam-
ics (with fixed boundary) can be obtained as geodesic equations of a right invariant
Riemannian metric on the group of volume-preserving diffeomorphisms. This struc-
ture is a prototype for the mathematical treatment of many physical systems when
the configuration space can be identified with a Lie group. Such examples are: the
Euler pegtop as a geodesic equation for the metric! (w, Iw) on the SO(3) group;

Here I : SO(3) — SO(3)* denotes the inertia matrix of the body.



the KAV equation as a geodesic equation for the L? metric on the Virasoro group;
Camassa-Holm equation [5] as a geodesic equation for the H! metric on the Virasoro
group (or Diff(S!)) ) etc.

Both KdV and Camassa-Holm (CH) equations are integrable models for propa-
gation of shallow water waves [5, 24, 13, 22, 19]. The CH equation was extensively
studied in the recent years and many of the underlying qualitative aspects (e.g. the
identification of initial profiles that develop into global solutions or into breaking
waves [3, 4, 6, 7, 8, 18] rely on properties arising from its geometric structure as a
geodesic flow equation [27, 21, 10, 11, 12].

There are also examples of hydrodynamic equations which are geodesic flows
for metrics on semidirect products of Lie groups [2, 21, 9, 23, 29], such as the
barotropic fluid equation (see e.g. [2]) and the two-component integrable shallow
water equation of CH type (see e.g. [15, 9, 23, 29]).

In this paper we study the geodesic flow equations of a class of right invariant
metrics on Diff(S')@Diff(S!). We begin with the general framework for the Euler
equation on a Lie group and introduce the notion of a bi-Hamiltonian Euler equation
in Section 2. Then we extend this construction to a semidirect product of Lie groups
in Section 3. In particular we investigate families of Euler equations on the semi-
direct product of Diff(S!) by itself (twisted by the inner representation) in Section
4. The integrability of the obtained equations is further investigated in Section 5.

2 Euler equation on a Lie group

On a general Riemannian manifold M, the geodesic flow is a Hamiltonian flow for
the canonical symplectic structure on the cotangent bundle T* M. The Hamiltonian
is given by the energy functional. When M is a Lie group G, the canonical symplec-
tic structure is invariant (either by left or right translations). It induces a Poisson
structure on the quotient space

T°G/G ~ g*
called the Lie-Poisson structure
{H,K }(m) =m([dnH, dnK]), HKeC™(g").

Notice that d,,H,d,, K are elements of the Lie algebra g so that the preceding
formula is meaningful.

A right invariant metric on G is completely determined by its value at the unit
element e of the group, that is, by an inner product on its Lie algebra g. This inner
product can be expressed in terms of a symmetric linear operator, called the inertia
operator

A:g—g".
The (invariant) energy functional generates a reduced Hamiltonian function on

*

g
1
H(m) = 3 (m, A~'m).
Its differential at m is d,,, H = A~'m € g and its corresponding Hamiltonian vector
field on g* is

X(m) :Pm(Ailm)a m € g*



where P is the Lie-Poisson bivector. The corresponding evolution equation is known
as the Euler equation of the invariant metric.

Sometimes, this Euler equation is in fact bi- Hamiltonian relatively to some mod-
ified Lie-Poisson structure. Under the general name of modified Lie-Poisson struc-
tures, we mean an affine? perturbation of the canonical Lie-Poisson structure on g*.
In other words, it is represented by a Poisson bivector

P+Q,

where P is the canonical Poisson bivector and @ is a constant bivector on g*. Such
a Qe \”g* is indeed a Poisson bivector, since the Schouten-Nijenhuis bracket, [28]

[Q7 Q] = 07

for a constant tensor field on g*.
The fact that P + @ is a Poisson bivector, or equivalently that @) is compatible
with the Lie-Poisson structure

[P,Q] =0,
is expressed by the condition

Q(fu, v], w) + Q([v, w], u) + Q([w, u],v) =0, (1)

for all u,v,w € g. In other words, @ is a 2-cocycle of the Lie algebra g.
A special case is when @ is a coboundary. In that case

Q(u,v) = (Imo)(u,v) = mo([u, v])
for some mg € g* and the expression

looks like if the Lie-Poisson bracket had been “frozen” at a point mg € g*. For this
reason it is sometimes called a freezing structure [2, 25].

3 Semi-direct products of Lie groups

We consider now an abstract Lie group G and its left action on itself by conjugacy:
g-h=ghg™".

This defines a semi-direct product on G x G:

(91, h1) * (g2, ha) = (9192, h1(g1 - h2)) = (9192, hagihagy ).

The inverse of an element (g, h) is given by:

(9.h) " =(g7" 97 h " g).

2A Poisson structure on a linear space is affine if the bracket of two linear functionals is an
affine functional.




The inner action of the semi-direct product GEG on itself is given by:

gy h1y (92, h2) = (g1, h1) * (g2, h2) x (g1, h1) ™"
= (919291 ' h1g1(hag2) (h1g1) ‘9195 g7 ")
From it, we deduce the adjoint action of G®G on its Lie algebra g @ g:
Ad(g, ny)(u2,v2) = (Adg, uz, Adp, g, uz + Adp, g, v2 — Adg, ug)
and the adjoint action of g ® g on itself:
ad(y, v,)(u2,v2) = (adu1 ug, ady, uz + ady, ve + ad,, vg).

in particular, we obtain the Lie bracket on the Lie algebra g®g of the semi-direct

product GOG:

[(u1,U1)7 (U27 UQ)] = ([Uh U2]7 [U1»u2] + [U1»U2] + [Uh U2]) (2)

4 Euler equations on Diff(S!)@Diff(S!)

In this section, we apply the theory for G' = Diff(S!) the diffeomorphisms group of
the circle. Its Lie algebra Vect(S') is isomorphic to C*°(S') with the Lie bracket
given by
[u, v] = Uugv — Uvy.
Note that it corresponds to the opposite of the usual Lie bracket of vector fields.
The regular dual Vect*(S') of Vect(S!) is defined as the subspace of linear func-
tionals of the form

u mudxr
Sl

for some function m € C>(S?!).

Let F be a smooth real valued function on C*°(S!). Its Fréchet derivative dF (m)
is a linear functional on C>°(S!). We say that F is a regular function if there exists
a smooth map §F : C*°(S') — C°°(S!) such that

dF (m)v = /S v ((SF) de, m,veCe(@S)

om

The map 6F/ém is the L%-gradient of F. Note that the second derivative of a
regular function is symmetric [17] and therefore the derivative of a gradient is a
L2-symmetric operator.

The canonical Lie-Poisson structure on Vect®(S!) is given by

ot () () o

where P,,, = — (mD + Dm) and D := d/dz.

The theory extends straightforwardly to the case of (Vect(S')®Vect(S!))*. The
differential of a regular function F'is given by

dF (m, n) (v, w) = /S {v (ﬁ;) +w (g)] da.



The canonical Lie-Poisson structure on (Vect(S!)@Vect(S!))* is given by

0F OF 0G 0G
{F,G}(m,n) - /Sl ((Sm’ (Sn) ]P)(m,n) <57n7 (571) dx

Pn Py
Plmn) = < P, P, )
where P, = —(mD + Dm).

A right invariant metric on Diff (S*)@Diff(S!) is defined by an inner product a
on the Lie algebra of the group C°°(S!) @ C°°(S!). If this inner product is local, it
is given by

where

a((u1,v1), (ug,v2)) = /S1 (u1,v1)A(ug, va)dz u,v € C(Sh),

A C
#=(é5)
is a symmetric linear differential operator on C*°(S') @ C>°(S!). The corresponding
Euler vector field is given by

where

X(m,n) =P, A" (m,n).
In the sequel, we will suppose that
. . 2 a cC
im0 ) )
for some real constants a, b and ¢ such that ab — ¢ # 0.

The corresponding Euler equation is then

{ my = —2Muy, — MeU — 2NV, — NGV

ny = —2n(uy + vz) — ng(u + v)

(2)=+(2)

Introducing new variables M =m —n, V =u+v, U = u and N = n we write
(4) as

where

()

M, = —2MU, — M,U
N, = 2NV, — N,V

In general, we have a linear relation between the variables, i.e.

M Mycosae Mysina U
(N)Z<1_D2)( Ngsinﬁ NSCOS,B)(V) (6)

for some real parameters My, Ny, a and 5. The consistency with (6) gives

b= Ngycos g, c—b= Nysin 8 = Mpsin«,



or

(¥ )=@asmpu-on (< L) () (7)

With an overall rescaling of M and N by the constant Nysin 8 we can remove
this overall factor from (7) and thus, there are only two parameters, o and S relating
(M,N) and (U, V). Since the equations (5) allow rescaling of both M and N by a
constant, for convenience we are going to write from now on

M =cosa(U — Uzy) +sina(V — V), ®)
N =sin (U — Uyy) + cos B(V — V).

There are two special subcases of the system (5), (8): If & = 8 = 0 it reduces
to two independent Camassa-Holm equations; if & = = 7/2 the case is a cross-
coupled Camassa-Holm system, studied in [14]. The cross-coupled system admits
peakon solutions with an interesting behavior, investigated in the above article,
which can be visually described as “waltzing peakons”.

In fact, the system (5), (8) admits peakon solutions for any values of the param-
eters o and (3 such that o+ 5 # +7Z, :I:%’T .... Indeed, the peakon Ansatz (which is

2
also a singular momentum map, [20])

K
M = Z Mk5($ — qk),
k=1
L
N = ZN15($ — Tl)
I=1
together with (8)

K L
1
- - S E Me~|Z=ael _ g E —lz—r]
U 3 cos(a + B) (cos I5) 2 L€ sin o Nie ,

=1

K L
1
e R —|z—q| —|z—r|
V = Scos(a + ) ( sin 8 g Me Ikl 4 cos o g Ne l)

k=1 =1

(10)

gives the following dynamical system for the peakon parameters:



. M,
M= —
F 2cos(oz—|—ﬁ)><

K L
<cosﬁ Z Mpef‘q’“fqplsgn(qk—%) — sin« Z Npequcrplsgn(%—rp)> R

p=1 p=1

K L

. 1 —lga— . lga—r

4k = Teos(at B) (cosﬁ g Mye 1= _sinq E Nye~la P'),
p=1

p=1
N (1)

- 2 cos(a + B) s

K L
<— sin 8 Z Mye~I"=lsgn(r;—q,) + cos a Z Nye™Im=melsgn(r —rp)> )
p=1 p=1
1 K L
e — —[ri—aqpl —lri=rp|
= Zeoslat B) ( smB;Mpe ! +cosozpz:Npe ! )

=1

Note that the peakon parameters depend only on ¢ and the singular solutions of
the geodesic equations are uniquely determined by these parameters via (9).

5 Integrability

The interesting question is now : is this equation bi-Hamiltonian for some modified
Lie-Poisson structure?
Remark first that a freezing structure on (Vect(S)@Vect(S!))* corresponds to

the following operator
P mo P, ng
P ng P, ng

where mg, ng are fixed elements of C*(S'). If mg and ng are constant functions,

this operator writes down as
aD BD
gD BD )’

where a, 5 € R. Notice furthermore that even without computing the whole Gel’fand-
Fuks cohomology [16] of Vect(S')®Vect(S'), we can check that the following skew-

adjoint operator
vD3 6D3
sD® §D3

where v, € R, is a 2-cocycle; i.e it satisfies the cocycle condition (1). Moreover, it
is not a coboundary [26].

Now, recall the following criterion which is a natural extension to C*°(S!') @
C>°(S') of a result established in [12] for C>(S').

Proposition 1 A necessary condition for a smooth vector field X on C®(S!) @
C>°(St) to be Hamiltonian with respect to the Poisson structure defined by a con-
stant linear operator Q is the symmetry of the operator X'(m,n)Q for each (m,n) €
C>(St) @ C==(Sh).



The vector field X (m,n) defined in (4) can be written as

(i)

X(m,n)
where Py, (1) = —(2mug + mau),
(2)-(34)(4)

and A = 1 — D?. Therefore, the components of its the Fréchet derivative are given
by

X'(m,n)[1,1] = é (Pem—tn A~ — d(P, + 3Du))
X'(m,n)[1,2] = é (Pan—tmA™" = d(P, + 3Dv))

X (m,n)[2,1] = é (Po_enA™)

X'(m,n)[2,2] = é (Pp—ayn A" — d(P, + P, + 3Du + 3Dv))

where d = ac — b2. We are going to check if there exists mg,ng,7,d such that
X'(m,n)Q is symmetric, where

Q= Py, +vyD?® P, +6D?
~\ P, +6D* P, +6D3 )’

that is

where

p = (Pem—tnA™" — d(P, + 3Du)) (P, +vD?)
+ (Pan—tmA™" = d(P, + 3Dv)) (P, + 6D?),
q = (Pem—sn A" — d(Py + 3Du)) (P, + 6D?)
+ (Pan—tmA™" = d(P, + 3Dv)) (Pp, + 6D?),
r = (Py—cynA™") (Pmy +vD?)
+ (Pp—ayn A" — d(Py + P, + 3Du + 3Dv)) (Pp, + 6D?),
s = (Pp-cynA") (P, + 0D?)
+ (Pp—ayn A" — d(Py + P, + 3Du+ 3Dv)) (P, + 6D?).
Taking first w = 1 and v = 0 in p* = p and applying to the constant function 1,
we get that mo = constant and therefore P,,,, = AD for some A € R.

Similarly, taking « = 0 and v = 1 in p* = p and applying to the constant
function 1, we get P,, = pD for some p € R.



The preceding equations recast thus as

p = (Pon—nA™" —d(P, + 3Du)) (AD +vD?)
+ (Pan—omA ™" — d(P, + 3Dv)) (uD + 6D?),
q = (Pem—-tnA™" = d(P, + 3Du)) (uD + 6D?)
+ (Pan—omA ™" = d(P, + 3Dv)) (uD + 6D?),
r = (Pp—eynA™") (AD +yD?)
+ (Pp—ayn A" — d(Py + P, + 3Du+ 3Dv)) (uD + 6D?),
5= (Po—gnh ™) (uD +6D%)
+ (Pp—ayn A" = d(Py + P, + 3Du + 3Dv)) (uD + 6D?).

Taking then n = 0 in s* = s and applying it to the constant function 1 leads to
iw=20=0orb=c Butthen we get that r*(1) = 0 which leads to A = u = 0 if
b # c.

If b = ¢, there are solutions to equations (12), namely
DA 0

where v € R. However, for the vector field X to be Hamiltonian with respect to
the Poisson structure defined by the Poisson bivector @), that is

X(m,n) = QdH(m,n)

for some Hamiltonian function H, it is necessary that X belongs to the range of Q.
This would require that P, (u +v) = 0, for all m,n € C*(S') which is not the case
for values a, b such that d = ab — b? # 0.

This shows that for there is no non-trivial modified structure given by

Q= Py, +vD* P, +46D?
P,, +0D® P, +6D> )’

which makes (4) bi-Hamiltonian.

6 Conclusion

In this paper, we have presented the geometric approach of constructing Euler equa-
tions associated to the metrics on Diff(S*)@Diff(S') . From the point of view of
mathematical physics this construction leads to a family of coupled peakon equa-
tions, some of which are known to have interesting behaviour e.g. the system of
coupled Camassa-Holm type equations without self-interactions where each of the
two types of peakon solutions moves only under the induced velocity of the other
type. As a result a 'waltzing’ solution behaviour is observed, see for example [14] for
some interesting figures and movies. This example is an indication that the other
equations of the family also have interesting properties that remain to be studied.

An open question remains the integrability of the obtained equations. Our search
for compatible bi-Hamiltonian structures on the dual Lie algebra (Vect(S!)®Vect(S*))*
in Section 5 does not give a positive result, which however does not exclude other
possibilities for compatible bi-Hamiltonian structures.
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