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Abstract. An upper bound for the number of cubic polynomials which have
small discriminant in terms of the Euclidean and p-adic metrics simultaneously is
obtained.

1. Introduction
Throughout this paper,
P(x) = apz™ + 12" '+ .+ a1z + ag

is an integer polynomial with degree deg P =n and height H = H(P) =
maxo<j<n |a;j|. Let @ € N5 and define the set of polynomials

Pu(Q) = { P(t) € Z[t], degP =n, H(P) < Q}.

Let p1A; be the Lebesgue measure of a measurable set 47 C R, and uoAs
the Haar measure of a measurable set Ay C Q. The cardinality of a set B
will be denoted by #B. Positive constants which depend only on n will be
denoted by c(n); where necessary these constants will be numbered c;(n),
j=1,2,.... We will use the Vinogradov symbols < (and >>) where a < b
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implies that there exists a constant C' such that a < Cb. If a < b < a then
we write a < b.

Let a1, ag, ..., oy be the complex roots of the polynomial P € Z[z] of
degree n. The discriminant of P, denoted by D(P) is defined as

D(P)=al? ] (ci—ey)
1<i<j<n

Alternatively, D(P) can be defined as the determinant of a matrix contain-
ing only the coefficients of P (see [16]). Hence D(P) € Z and if P does not
have multiple roots then

L<|D(P)| < @72, Q"2 <|D(P)|, < 1,

where |- |, is the standard p-adic valuation. For any a € Q¢, and therefore
for D(P) # 0, from the product formula we have

(1) 1 < |D(P)||D(P)],.
Finally, let v1,v2 € Ry U {0} and define the set of polynomials
Pu(@Qv1,02)={ P(2) € Pu(Q) : 1 < [D(P)| < Q%7272 |D(P)|, < Q"*2}.

For simplicity we will write P, (Q,0) = Pn(Q,v1,v2).

In this paper we investigate a counting problem regarding the discrimi-
nants of polynomials in P, (Q,v). To date the case when v = (v1,0) has been
thoroughly investigated and the following is known. In the case of quadratic
polynomials it was shown in [14] that

#P2(Q,v1,0) = 20(1 +1In2)Q* " + O(Q* " +Q?), 0<wv; <1/2.
In the case of cubic polynomials it was established in [13] that
(2) #P3(Q,v1,0) < Q73 0 <y <3/5.

Establishing correct lower bounds for arbitrary n has been the subject of
numerous papers including [1,2,6,13,14]. The most general and best estimate
was found in [2] where it was shown that

#P,(Q,v1,0) > C3Qn+1_(n+2)vl/", 0<v1<n-1.

In the p-adic case it was shown in [7] that #7P,(Q,0,v2) > c4Q"172% for
0 <wvy <1/2. In [11] it was proved that #P,(Q,v1,v1) > c5Q M1~ for
0 <wv; < 1/3 and n > 3. There are also some applications of these estimates,
see for example [9,10,12].
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DISCRIMINANTS OF POLYNOMIALS 267

The main result of this paper extends the upper bound in (2) to a par-
ticular range for v; + vy and to the two metrics simultaneaously. We will be
estimating the size of the set P3(Q, ).

THEOREM 1. For any € > 0 and for any sufficiently large Q) the estimate

(3) #P3(Q,0) < Qi-d(vitva)/3+e
holds if
(4) 3¢/20 < vy + vy < 6/5.

2. Auxiliary statements

Let P € P3(Q,v) have complex roots ay, ag, ag and roots 1, Y2, V3
in Qy, where Q,, is the smallest field containing Q, and all algebraic num-
bers. The complex roots of a cubic polynomial P can be always ordered
with respect to one of them, say a1, as follows:

(5) lag — ag| < Jag —ag|, |1 —ag| < |ag — as].
Let
(6) ot —aa| =Q7 ", | —a3|=Q77, |ag—az|=xQ ™.

Similarly, order the p-adic roots of P as follows:

(7) v =2l < I —1lps 11— 1l < 12 — 3l
=2l =Q7", Im—wuh=0Q"" |p-wub=<Q.
Further, define

f(ﬁ7)‘) = pP3 +)\3~

For a given number e; > 0 let T' = [81_1] + 1, where [a] is the integer part
of a € R. For a polynomial P € P3(Q,v) the real numbers ps and p3 were
defined in (6). Also define the integers Iy and I3 by

(lg—l)/T<p2§lg/T, (lg—l)/T<p3§lg/T,
and let
(8) my =lo/T, m3=13/T.

The number of vectors m = (mz, m3) is finite and depends only on ¢ and
does not depend on (. This is easy to prove and proofs can be found in
(3,4,15].
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268 V. BERNIK, N. BUDARINA and H. O’DONNELL

The same procedure is carried out with the p-adic roots 7y, v2, 73 of
P € P3(Q,v), see (7). Similarly define the integers ro and r3 by

(Tg—l)/T<)\2§T2/T, (Tg—l)/T<)\3§T3/T,
and let
SQZTQ/T, 83:T3/T.

Again, it is not difficult to show that the number of vectors § = (s2,s3) is
finite and depends only on €71; i.e. it does not depend on Q.

In order for the polynomial P(x) to belong to the class P3(Q,v) it is
necessary and sufficient that the inequalities

9) p2+2p3 > v, Ao+ 2X3 > v,
hold, as in this case

ID(P)| < Q"2 |D(P)], < Q2.
The latter system follows from the facts that

1 S ‘D(P)| = |a3|4|0£1 _ Oé2|2|0é1 _ Oé3|2|042 —043|2 < Q4—21}17

and
L< D)D), < @ aglt T] i - wl2 <€ @120,
1<i<j<3
By (1), (6) and (7), we have
(10) D2+ 2p3 + Ao+ 203 < 2.

Using (9), (10) and the inequalities ps > p3 > 0, Ay > A3 > 0, we obtain that
0< f(p,A) =ps+ A3 <2/3.

In order to satisfy (9) it is sufficient that the inequalities

(11) mg + 2m3 > v1 + 3¢1, 89+ 283 > vy + 3¢

hold.
For the roots of P we define the sets

Si(aj) = {:E eR: |z —o4] = 1%i£13|33 —ozz-|}, 1<5<3,

So(m) = {w € Qp: lw —wlp = min fw —yl}, 1<k<3
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DISCRIMINANTS OF POLYNOMIALS 269

LEMMA 1. Let oy be a complex root of an integer cubic polynomial P
and x € S1(aq). Then

|z — 0| < min <‘ P(z) " ‘P(x)(al —042)‘1/27 ‘P(x)‘l/:s)

P'(ay) P'(a) as

for P'(aq) #0.
LEMMA 2. Let v be a p-adic root of an integer cubic polynomial P and
w € So(y1). Then

MP(w)Ip‘ (\P(w)\p\’n - vzlp>1/2<|P(w)lp)1/3>
P P

|w — 71|, < min <
P "(71) [P (71)lp laslp

for P'(m) #0.

Lemmas 1 and 2 are proved in [4] and [5] respectively.

LEMMA 3. Suppose that the polynomials P(u),T(u) € P3(Q) have the
same vectors m and 5 and have no common roots in the parallelepiped I x K,
where 1l = Q™ ™, uo K = Q=" , my > 0,m2 > 0. Furthermore, let P(u) and
T(u) satisfy the systems of inequalities

(12) max (|P(),|T(z)]) <Q™™,

xel
and
max(|P(w)lp, [T'(w)[p) < Q™™
weK
where
(13) 71+ 12>2mo+ms, 79> 289+ S3.

Then, for any 6 > 0 and Q > Qo(9) the inequality

2 2
(14) 71+ 710+ 1+22max(7’1 +1—4n1,0) —|—2Zmax(7'2 —7rn2,0) <6+6
j=1 r=1

holds.

Note that Lemma 3 is proved for the Archimedean case in [3] and the
non-Archimedean case in [7] only when j =1 and r = 1. The proof was
based on the use of small values of the first derivatives only which is not
enough to prove Theorem 1.

PROOF OF LEMMA 3. Let P € P3(Q) have complex roots a1, ae, ag and
roots v1, 72, y3 in Q. Let T' € P3(Q) have complex roots 1, B2, O3 and
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270 V. BERNIK, N. BUDARINA and H. O’ DONNELL

roots &1, §2, &3 in Q. We use the fact that the polynomials P(u) and T'(u)
have the same vectors m and 5. We may also assume that |a3(V)| > @ and
laz(V)|p, > 1 for V € {P,T'}. Otherwise, using the same reasoning as below,
we obtain a stronger result in this lemma.

First, we rewrite the interval I as I =J;_,(I N Si(ai(P))). Clearly,
there exists i, 1 < i < 3, such that py (I N S1(a;(P))) > prl/3. We will as-
sume without loss of generality that ¢ = 1. The roots of P are ordered with
respect to g as in (5.1), and we use the same notation as in (6.1), (6.2)
and (8). Precisely the same argument will also be used for 7. By Lemma 1
and (12), the inequalities for |x — | and |z — 31| become

(1) |o = faf < min (QT e, QT(MFITIIE, (ML),

where 60 represents o or 1 as required, and z € S1(01(V)) N 1. It is possi-
ble to choose a point z in I N S1(01(V)) such that the left hand side in (15)
will be at least ¢4Q~™ for 61 = a1 and for 61 = 1 respectively. This will
lead to the inequalities

mzn+l-—mg—mg, m=(m+1l-m3)/2, m=(n+1)/3,
and
(16) ma+mg>T +1—m, mg=>7+1-2n.
Similar arguments for Q, lead to the inequalities
[w — 1, < min (Q Tt Q- (=s)/2 =T/3Y

Mo > To— 82— 83, N2> (T2—53)/2, m>T7/3,
Sg+ 832> To— M2, S32=To— 212,
where (7 represents 1 or & as required, and w € Sa((1(V)) N K.
Consider the resultant R(P,T) of P(u) and T'(u). Using the fact that

P(u) and T'(u) have no common roots, the inequality (1) and the fact that
|a3|6|a3\2 < QO we get

(17) 1< [R(P, T IRPP,T)|, < Q [] lei=8il TI i =&l
1<i<3 1<i<3
1<5<3 1<5<3
Now we obtain an upper bound for
Li= ][] lei—8il-
1<i<3
1<5<3
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DISCRIMINANTS OF POLYNOMIALS 271

By (13) and (15),

o1 = Bi] < (Jz —ar| + |z — Bi]) < Q1
lan = Bil < | — Bi] + |1 — Bil
< max(Q T MHmatms =mitery o g=miter 9 3,
loi = B1] < |ex = Ba] + a1 —
« max(Q T IHmatms mmiter) o g-miter ;9 3
loi — Bl < lag — Ba] + | — | + |81 — By
< max(Q T QT Mmaxi) TR ) £ QTMmax L > 9 > 2,
Thus,
(18) Ly < Q" 1-2ma—dmstse;

Using [12] together with (16) and (18), we obtain
(19)
1+ 14 2my 4+ 4m3 — 8eq ZT1+1+2(T1+1—7]1)+2(T1+1—27]1)—8€1.

A similar result can be obtained in exactly the same way in the p-adic case
to give

(20) Ly= [] li—¢&lp <@ m2mm)2nin)tia,
1<i<3
155<3

Finally, using inequalities (17), (19), and (20) with the conditions m; > 0,
s; > 0,1 =2,3, we obtain

2 2
sl +7'2—|—1+22max(7'1 +1—5m,0) —|—2Zmax(7'2—1"172,0) <6+46. 0O
7=1 r=1

3. Proof of Theorem 1
Assume that the estimate (3) does not hold, so

(21) #P3(Q,0) > Q1B

Consider the interval I C R with p1/ = Q7" and the cylinder K C Q,, with
oK = (Q~%2, where s, and my are non-negative numbers. It will be said that
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272 V. BERNIK, N. BUDARINA and H. O’ DONNELL

the polynomial P belongs to the parallelepiped M = I x K if (aq,71) € M.
From (21) it follows that there exist parallelepipeds M which contain at least

AI — Q4—5(U1+’02)/3—m2—82+€

polynomials P € P3(Q,v). If each parallelepiped contains at most A; poly-
nomials then summing the estimate A; over all parallelepipeds M we get
a contradiction in (21). Fix one of these parallelepipeds M; say. Since
#m < 1 and #5 < 1 there exist vectors m and § satisfying (9) such that

#P?),m,g(Q, 7?7 Ml) >> Q4_5(UI+U2)/3—m2_82+E

where P37 5(Q, U, M1) denotes the subset of P35 5(Q,v) consisting of poly-
nomials P belonging to M;. Fix the vectors m and 5 and set

(22) h:4—5(U1—|—’U2)/3—m2—82.
By (10), we have
(23) mo + 2m3 + so + 253 < 2.

From (4) and (23) we obtain that h > 0.
Expand the polynomial P € P34 5(Q, v, M7) into its Taylor series in the
neighbourhood of a; to obtain

P(z) = P(a1) + P'(ay)(z — on) + P"(a1)(z — 01)?/2 + P"(ay) (z — 1) /6.
Estimating each term gives
[P'(en) (2 — an)| < las| - |eq — ao| - Jar — ag] - [z — o
<< Ql—pz—pg—mg << Ql—QmQ—m3+2€1
|P" (1) (x — an)?| < 2[ag| max(|ag — agl, |1 — ag|)|z — aa|?
<< Q1—2m2—m3+61

[P () (= a1)?] < 6ag| - |2 — [P < QU3 Q12
for x € I. Thus
(24) [Pla)] < QI-2mamot2ss,
Similarly we obtain
(25)  |P(a)] < QT P(@)| € QU P ()] < Q
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DISCRIMINANTS OF POLYNOMIALS 273

for z € I. Also develop the polynomial P(w) and the derivatives |P®*)(w)|,,
1 < k < 3, as Taylor series on the cylinder K at the point v; and obtain the
upper bounds for all terms in the series:

(26) ‘P(w)‘p < Q—282—83+261’ |P’(w)|p < Q_S2_S3+2€1,
[P (w)|, < Q%% |P"(w)], < 1.

Let d =d(I) denote the centre of I and let wy be any point in K. The
Vinogradov symbol < in inequalities (24), (25) and (26) is replaced by the
maximum value of ¢;; call it c3 say. We obtain the following systems of
inequalities:

(27) |P(d)‘ < 03Q1—2m2—m3+2617 |Pl(d)| < chl—mg—m3+2€1’
|P"(d)] < c3Q' ™, |P"(d)] < 3Q,

and

(28) |P(wo)lp < c3Q72275 72 [P/ (wo)lp < e3Q7 2,

[P (wo)lp < esQ™%T=, [P (wo)lp < .

Denote the quantities on the right hand sides of (27) and (28) by Uy, Uy, Us,
Us and Gq, G1, Ga, G3, so that the index number corresponds to the order

of the derivative. From (22) it is easy to obtain that there exists g > 0, for
which

Ky=g—5v1/3—m2>0, kjy=4—g—503/3—5,>0
hold. Define
ki=k| +¢/8, ko=kh+¢e/8.

For example, take (G5 which is the right hand side of the inequality
|P"(wp)|, < c3Q ™21, Divide the interval [0, c3Q~***1] into Q*/4 smaller
intervals, and also the range of the ith derivative (i =0,1,3) namely
[0,c3Q~™] into QF2/* smaller intervals. Therefore, the parallelepiped II; =
[To<i<3l0,c3Q@~™] has been divided into Q* parallelepipeds where

ng =289+ s3+2¢1, ny=582+5s3+21, ng=s3+e;, n3=0.

By assumption there are at least A; polynomials P(w) in the paral-
lelepiped Mj:

Py (w), Py(w),...,P(w), 1<1<A;.
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274 V. BERNIK, N. BUDARINA and H. O’ DONNELL

Since A; > Q** then using Dirichlet’s box principle there exist at least
Ay = A1Q % polynomials P;(z), 1 < j < Ay, whose values belong to the
parallelepiped

3

y = H[jC3Q_nj_k2/4> (+ DesQ ™R c Iy
=0

for some set (jo, j1, j2,j3), where j; € [0, [@**/4] — 1], i = 0,1,2,3. We form
new polynomials

Ri(w) = Py(w) — P(w), ..., Ra,—1(w)= Pa,(w)— Pi(w)

with Pjy1 and P; from the same II;. These new polynomials satisfy the
inequalities

(29) |R(w0)|p < C3Q—282—83—k2/4+281’ |R’(w0)|p < CgQ—82—33—k2/4+251’
|R" (wo)lp < esQ 7 /4= IR (wp)|, < e@ /4.

Note that the polynomials R;(d) satisfy the system of inequalities (27) with
¢4 = 2c3. Let us now analyze this system for the polynomial

R(w) = azw® + asw? + ajw + ap.

From the last inequality in (29) we conclude that |as|, < csQ~*2/4. This
means that

(30) as = pb"’ag, (a5,p) =1, P > cngk2/4.
From the inequality for |P"(wp)|, in (29) and using (30), we have
(31)  [6azw + 2asf, < ;@R ag, < coQ 7R
ay=phdy, (ah,p) =1, p*>clQRIT
Further, from the inequality for |P’(wp)|p, (30) and (31), we obtain
jatly < Q7ML ay =phay, (af,p) =1, P > QM
and from the first inequality in (29)
laolp < co@ /421 g = phogl pho > @R/ 42,

This means that all the coefficients of the polynomials R(w) are divisible by
a large power of the prime number p. Let b = min(b;), 0 < j < 3. Then for
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DISCRIMINANTS OF POLYNOMIALS 275

the polynomials N(w) = p~*R(w) of height H(N) the system of inequalities
(29) can be rewritten as follows

(32) [N (wo)lp < e Qs sat e [N (wo) ], < c Qs st

IN"(wo)lp < en1Q =, [N"'(wo)|p < c11, H(N) < c1p@Q' /472,

Given that the polynomials N(z) and R(z) have a special form then for
N(z) the system of inequalities (27) can be written as

(33) [N(d)] < erzQ!72memea/AHAa N (d)] < ¢qpQ e/ Ae
IN"(d)] < cr3@Q' ek AT L INT(d)] < eq5QP /AT

Using Ay — 1 polynomials N(z), we will construct new polynomials with
the absolute values of these polynomials and their derivatives taking smaller
values than the upper bounds in (33). Again, we use Dirichlet’s box princi-
ple. Each of the right hand sides in (33) is divided into intervals of length
014UjQ_k1/ 4 respectively. As a result, there are at most c;5Q* different
combinations of smaller intervals, and the number of polynomials N(x) is
greater than ¢;5Q* by c16Q%/* times. Thus, there exist at least ¢17Q3¢/4
polynomials N;(x) belonging to the parallelepiped

3

II3 = H[jiClSQ_ti7 (ji + 1)c13Q "]

i=0
for some set (jo, j1,j2,73), where j; € [0, [014Qk1/4] —1],7=0,1,2,3, and

to = 1 —2m2 —m3 — (k1+k2)/4+461,
t1 = 1—m2 —m3 — (kl +k2)/4+4€1,
to=1—mgz — (/{1 —|—/€2)/4—|—3€1, t3=1— (]{1 —|—]€2)/4+261.

Therefore, the new polynomials
K;(z) = Nj(z) — Ni(x), j=2,... ,c17 Q%4 H(K;) < c1gQ T (Fith) /442
with V; and N7 from the same parallelepiped II3 satisfy the following system
(34) K;(d)| < C1gQL2ma—ma—(4=5(vitva)/3—ma—sa+e/4) /Atdes

K (d)] < ergQImmemmshi/icka/ i

|K]”(d)| < cngl—mg—k1/4—k2/4+3817 |KJ///(d)‘ < cngl—k1/4—k2/4+251.
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276 V. BERNIK, N. BUDARINA and H. O’ DONNELL

We now move from the systems of inequalities (32), (34) at the point (d,wy)
to the systems of inequalities at any point of the parallelepiped M;. Replace
the value of @ in the right hand sides of inequalities by the value @1 =
Q' ~(kitk2)/44221 - Write only the first inequality for |K;(z)| and |K;(w)l,
with 1 =4 — k1 — ko + 8¢1:

(35) ()] < eqoQi" e m BRI = gt

(36) I (w)] < cagQLC2mss4220/m g gt/

1 <j <e1Q%/*. Among ¢2Q%*/* polynomials K ; there are 22Q%/* poly-
nomials with the same vectors m; and $7, which do not necessarily coincide
with the vectors m and 5. If there exist two polynomials K7 and K5 which
have no common roots Lemma 3 can be applied. The values of 7,7; we find
from the estimates (35). Thus 71 = 4mg/r; and

(37) 1 = 4(2mg +m3 + (k1 + k2)/4 — 1 — 4e1) /1.
Then we have
71+ 1 = (8ma + 4mg — 8e1)/r1,

(38) 2(7’1 +1-— 771) = (8m2 + 8mg — 1661)/7’1,
2(m +1—2m1) = (8mg — 16e1) /7.

Similarly, from estimates (36) we get

Ty = (889 + 4s3 — 8e1) /71,
(39) 2(7’2 — 7]2) = 2(7’2 — 432/7’1) = (882 + 883 — 1661)/7”1,
2(1g — 2m3) = (883 — 16e1) /71.

Next, from (37)—(39) compute the sum S of the numbers which are included
in the left hand side of the inequality (14) in Lemma 3 to obtain

16mo 4+ 20msg + 1659 + 20s3 — 80¢q
(40) S = .
5(v1 +w2)/3 +ma + 52 — /44 81

From (11) it follows that
v1 + vy < mo + 2m3 + S9 + 253 — beq,
therefore, the denominator r; in (40) satisfies the inequality
r1 < 8ma/3 4 10m3/3 + 8s2/3 + 10s3/3 — 261 —e/4 =19
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and
(41) 6r1 < 16msg + 20ms3 + 1659 4+ 20s3 — 1267 — 3¢/2.

Then using (23) and the previous inequalities, we get 7o < 16/3 —e/4 — 2¢;.
Using the fact that v1 + vo > 3¢/20, we obtain that r; > 0. Inequalities (41)
and (40) lead to the inequality

S > 6+ (=681 + 3¢/2)/ra > 6+ /10,

which leads to a contradiction for § < £/10 and ¢ > 27¢;.

If, among polynomials Kj(t), there exist no two polynomials without
common roots then the polynomials K;(t) are reducible. At least one of
the divisors of Kj(t) is linear and here the argument is simple. We pass
from the estimates for | K;(z)| and |K;(w)|, to upper bounds for polynomials
of the first and second degrees. Again, as, for example, in [8,11] we get a
contradiction.
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