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Integrable systems on symmetric spaces from a quadratic
pencil of Lax operators

Rossen Ivanova)

School of Mathematics and Statistics, Technological University Dublin, Grangegorman Lower, Dublin D07 ADY7, Ireland

a)Corresponding author: rossen.ivanov@tudublin.ie

Abstract. The article surveys the recent results on integrable systems arising from quadratic pencil of Lax operator L, with values

in a Hermitian symmetric space. The counterpart operator M in the Lax pair defines positive, negative and rational flows. The

results are illustrated with examples from the A.III symmetric space. The modeling aspect of the arising higher order nonlinear

Schrödinger equations is briefly discussed.

This work is dedicated to Professor Vladimir Gerdjikov on the occasion of his 75th birthday.

INTRODUCTION

NLS models on symmetric spaces

The multi-component generalisations of the nonlinear Schrödinger equation (NLS) are heavily studied in soliton

theory. A large class of matrix generalizations involve Lax pairs taking values in some simple Lie algebra. The simple

Lie algebras admit splitting which is associated to the structure of a Hermitian symmetric space. Details about the

classification of the Hermitian symmetric spaces can be found in the classical book of Helgason [1]. The seminal

works of Fordy, Kulish and Athorne [2, 3] marked the beginning of the practical use of symmetric spaces in the

soliton theory. Since then integrable systems on finite dimensional Lie algebras and their symmetric spaces have been

studied considerably in the literature [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].

We begin with a brief description of the necessary algebraic concepts.

A simple Lie algebra g over the complex numbers admits the splitting

g= k⊕m , (1)

where k is a subalgebra of g, and m is the complementary subspace of k in g. In addition,

[k,k]⊂ k , [k,m]⊂m , [m,m]⊂ k . (2)

Denoting by K and G the Lie groups, associated to k and g correspondingly, the linear subspace m is identified with

the tangent space of G/K, which is used as a notation for the corresponding symmetric space.

Hermitian symmetric spaces

The Hermitian symmetric spaces are a special class of symmetric spaces for which there is a special element J ∈ k

such that

k= {X ∈ g : [J,X ] = 0}, [J,k] = 0. (3)

It is clear then that the Cartan subalgebra h ⊂ k ⊂ g, and the element J can be chosen from the Cartan subalgebra,

J ∈ h. In other words, J will be chosen to be diagonal. Furthermore, this element is highly degenerate, in a sense that

adJ , which is an n× n matrix (n = dim(g)) has only three eigenvalues; 0 and ±a, and the subspace m can be split

further as

m=m+⊕m−, m± = {X± : [J,X±] =±aX±}.

http://arxiv.org/abs/2309.12509v1


Outline of the NLS-type models

The NLS-type equations on symmetric spaces introduced by Fordy and Kulish originate from a spectral problem

iψx = (λ J+Q(x, t))ψ ≡ L(λ )ψ ,

iψt = P(x, t,λ )ψ ≡ M(λ )ψ , Q(x, t) ∈m, P(x, t,λ ) ∈ g.
(4)

Clearly, we have the natural decomposition P = Pk(x, t,λ )+Pm(x, t,λ ). The compatibility of the operators L and M

(4) gives

iQt = iPx − [Q,P]−λ [J,Pm]

where we have used [J,Pk] = 0. Applying k−m decomposition, this splits further to

iQt = iPm,x − [Q,Pk]−λ [J,Pm],

iPk,x = [Q,Pm].

From the last relation we determine

Pk =−i∂−1[Q,Pm].

Then Qt = (∂ + adQ∂−1adQ + iλ adJ)Pm. Assuming P = ∑N
j=0 P( j)λ j, we have for λ 0

iQt = iP
(0)
m,x − [Q,P

(0)
k

] = iP
(0)
m,x + i[Q,∂−1[Q,P

(0)
m ]] (5)

and for the higher powers of λ

(∂ + adQ∂−1adQ)P
( j)
m =−iadJP

( j−1)
m , j = 1, ...,N + 1,

When N = 2 for example, [J,P
(2)
m ] = 0 and we take P

(2)
m = 0. One can take P

(2)
k

= J. Then [J,P
(1)
m ] = [P

(2)
k

,Q] = [J,Q]

then P
(1)
m = Q and P

(1)
k

= 0. Furthermore, iP
(1)
m,x = [J,P

(0)
m ] will provide P

(0)
m in terms of Q,

P
(0)
m = iad−1

J Qx. (6)

The nonlinear evolution equation (5) can be written down also as

iQt + ad−1
J Qxx +[Q,∂−1[Q,ad−1

J Qx]] = 0, (7)

which represents the generalisation of the NLS. The invertibility of adJ on the symmetric space m could be illustrated

explicitly as follows. The variable Q ∈m admits a decomposition over the Cartan-Weyl basis {E±α ,α ∈ θ+} (θ+ is

a subspace of the root space of g) spanning m :

Q = ∑
α∈θ+

(qα Eα + pαE−α).

Since Qx = P
(1)
m,x = [J,P

(0)
m ] and adJ(E±α) =±aE±α when α ∈ θ+ then

P
(0)
m =

1

a
∑

α∈θ+

(qα
x Eα − pα

x E−α)

could be obtained explicitly.

Let us present an example with the symmetric space A.III (see [2, 7]), which bears also the notation

SU(m+n)/S(U(m)×U(n)).The complexification of the algebra su(n,R) is isomorphic to sl(n,C)∼ An−1. Let us

specify m = n = 2, J = 1
2
diag(1,1,−1,−1) and

Q =







0 0 q1 q2

0 0 q4 q3

−q̄1 −q̄4 0 0

−q̄2 −q̄3 0 0






.



This parameterization assumes pα =−q̄α . The equations written for each component are

iq1,t = q1,xx + 2q1(|q1|
2 + |q2|

2 + |q4|
2)+ 2q2q4q̄3

iq2,t = q2,xx + 2q1(|q2|
2 + |q2|

2 + |q3|
2)+ 2q1q3q̄4

1 ↔ 3, 2 ↔ 4.

In general, for the symmetric space A.III, the matrix notations are very useful: J = 1
2
diag(1n,−1m) and

Q =

(

0 q

p 0

)

where 1n is the n× n unit matrix, q and p
T are matrices n×m (q is a vector if n = 1.)

The equations, written in matrix form are

i
∂q

∂ t
=

∂ 2
q

∂x2
+ 2qpq,

−i
∂p

∂ t
=

∂ 2
p

∂x2
+ 2pqp.

(8)

Further reduction p=±q
† leads to

i
∂q

∂ t
=

∂ 2
q

∂x2
± 2qq†

q.

If q is a vector (n = 1) this is the vector NLS (Manakov’s equation), qq† = ||q||2 is the norm of the vector.

Another possible reduction which recently gained popularity is p(x, t) = ±q
T (−x,−t), leading to the non-local

NLEE

i
∂q

∂ t
=

∂ 2
q

∂x2
± 2qqT (−x,−t)q.

A nicely written review article [7] introduces the basic features of the integrable equations on symmetric spaces. It

describes the fundamental properties and underlying structures of the nonlinear evolution equations (NLEE), based

on the expansions of Q,Qt over the squared eigenfunctions of L (4) (which are eigenfunctions of the recursion op-

erator), the hierarchy of NLEE, the hierarchy of integrals of motion and the hierarchy of Hamiltonian structures.

The completeness of the squared eigenfunctions is of fundamental significance, since it makes the Inverse Scattering

Transform a generalised Fourier Transform. For an sl(2)-valued Lax operator the completeness has been formulated

by D.J. Kaup [18], then proven rigorously by V Gerdjikov and E. Hristov [19, 20]. There the authors introduced also

the symplectic basis, which maps the potential Q(x, t) onto the action-angle variables of NLS. A general result, for

Q,J ∈ g, J ∈ h for a semisimple g has been formulated and proven by V. Gerdjikov, in [9].

For systems on symmetric spaces, as well as for systems with Zh - Mikhailov reductions [21] the expansions over

the squared eigenfunctions have been derived in [7, 22, 23, 24, 25]. As a result, the spectral theory of the Lax operators

has been described and the arising hierarchies of Hamiltonian structures have been studied.

QUADRATIC PENCIL OF LAX OPERATORS

Lax operators, for which L is quadratic in the spectral parameter λ also lead to multicomponent integrable systems.

These systems generalise the family of the DNLS equations - DNLS I, or Kaup-Newell equation, [26, 27, 28] ,

DNLS II [29] and DNLS III, or Gerdjikov-Ivanov equation, [30, 31], the Fokas-Lenells equation, [32] and others.

Now we illustrate these possibilities for M−operator representing ”positive”, ”negative” and ”rational” flows [5, 12,

13, 22, 33, 34].



"Positive" flows: DNLS equations on symmetric spaces

Let us illustrate this possibility again with the A.III Hermitian symmetric space, SU(m+ n)/(S(U(m)⊗U(n)). The

Lax operators are given by [5]:

Lψ ≡ i
∂ψ

∂x
+(U2(x, t)+λ Q(x, t)−λ 2J)ψ(x, t,λ ) = 0, Q(x, t) =

(

0 q

p 0

)

,

Mψ ≡ i
∂ψ

∂ t
+(V4(x, t)+λV3(x, t)+λ 2V2(x, t)+λ 3Q(x, t)−λ 4J)ψ = 0.

(9)

where Q(x, t), V3(x, t) ∈m and U2(x, t), V2(x, t) and V4(x, t) ∈ k, q is a n×m matrix, p is a m× n matrix.

Such Lax pairs give rise to multicomponent derivative NLS type equations. Indeed, the Lax pair (9), leads to the

system of NLEE, generalising the DNLS III (V. Gerdjikov - M. Ivanov, [30, 31]) equation:

i
∂q

∂ t
+

1

2

∂ 2
q

∂x2
−

i

2
q

∂p

∂x
q+

1

4
qpqpq = 0,

−i
∂p

∂ t
+

1

2

∂ 2
p

∂x2
+

i

2
p

∂q

∂x
p+

1

4
pqpqp= 0.

(10)

Reductions, relating p and q are possible, such as p=±q
† and p(x, t) =±q

T (−x,−t).
Along with (9) one can consider the Lax pair [5]:

L̃ψ̃ ≡ i
∂ψ̃

∂x
+(λ Q̃(x, t)−λ 2J)ψ̃(x, t,λ ) = 0, Q̃(x, t) =

(

0 q̃

p̃ 0

)

,

M̃ψ̃ ≡ i
∂ψ̃

∂ t
+(λṼ3(x, t)+λ 2Ṽ2(x, t)+λ 3Q̃(x, t)−λ 4J)ψ̃(x, t,λ ) = 0.

(11)

This Lax pair is gauge equivalent to the previous one (9). The corresponding system is generalising the Kaup-

Newell equation [26]:

i
∂ q̃

∂ t
+

∂ 2
q̃

∂x2
+ i

∂ q̃p̃q̃

∂x
= 0,

−i
∂ p̃

∂ t
+

∂ 2
p̃

∂x2
− i

∂ p̃q̃p̃

∂x
= 0.

(12)

This system also complies with the grading introduced by the symmetric space: Q̃(x, t), Ṽ3(x, t) ∈m and Ṽ2(x, t) ∈ k.

Reductions, relating p̃ and q̃ are possible, such as p̃ = ±q̃
† and p̃(x, t) = ±q̃

T (−x,−t). Other examples of the

generalised KN system, related to the A.III and BD.I symmetric spaces are presented in [12, 33].

Negative flows: Fokas-Lenells (FL) equation on symmetric spaces

The Fokas-Lenells equations (see [13] for details) are associated to the so-called negative flows and the following Lax

pair

iΨx +(λ Qx −λ 2J)Ψ = 0,

iΨt +

(

λ Qx +V0 +λ−1V−1 − (λ 2 −
2

a
+

1

a2λ 2
)J

)

Ψ,
(13)

where Q(x, t) = ∑
α∈θ+

(qα Eα + pαE−α) ∈m. (14)

From the compatibility condition of the Lax operators one can determine

V−1 =
i

a
∑

α∈θ+

(qα Eα − pαE−α) ∈m, V0 =
1

a
∑

α ,β∈θ+

qα pβ [Eα ,E−β ] ∈ k. (15)



As an example we take the A.III Hermitian symmetric space, SU(m+n)/(S(U(m)⊗U(n)), with J and Q taken as

matrices in the form

J =
1

m+ n

(

n1m 0

0 −m1n

)

∈ k, Q(x, t) =

(

0 q

p 0

)

∈m (16)

and

V−1(x, t) = i

(

0 q

−p 0

)

, V0(x, t) =

(

qp 0

0 −pq

)

. (17)

The equations in block-matrix form are

i(qxt −qxx +q)+ 2qx +(qxpq+qpqx) = 0,

i(pxt −pxx +p)− 2px− (pxqp+pqpx) = 0.
(18)

Introducing new matrices u,v such that

q = e−ix
u, p= eix

v

we represent the equations (18) in the form

iut −uxt +uxx +(u+ iux)vu+uv(u+ iux) =0,

−ivt −vxt +vxx +(v− ivx)uv+vu(v− ivx) =0.
(19)

The first reduction involves Hermitian conjugation v =±u
†, the equations (19) reduce to

iut −uxt +uxx ± (2uu†
u+ iuxu

†
u+ iuu†

ux) = 0. (20)

The second reduction v(x, t) =±u
T (−x,−t), leads to the following nonlocal equation

iut −uxt +uxx ± (2uũu+ iuxũu+ iuũux) = 0, (21)

where ũ= u
T (−x,−t).

Quadratic pencil - Rational flows

The spectral problem is quadratic with respect to the spectral parameter λ ,

i
∂ψ

∂x
= Lψ = (λ 2J +λ Q+P)ψ(x, t,λ ),

i
∂ψ

∂ t
= Mψ =

1

λ 2 − ζ 2

(

λ 2J+λU +W
)

ψ(x, t,λ ),

(22)

where L,M ∈ g, P,W ∈ k and Q,U ∈m. The details could be found in [34].

The matrix realisation of the symmetric spaces is with block matrices, such that the splitting (1) is related to the

matrix block structure for the corresponding symmetric space. For the A.III symmetric space the block structure is

i
∂ψ

∂x
= Lψ =

(

1
2
λ 21+p1(x, t) λq

λr − 1
2
λ 21+p2(x, t)

)

ψ(x, t,λ ),

i
∂ψ

∂ t
= Mψ =

1

λ 2−ζ 2

(

1
2
λ 21+w1(x, t) λu

λv − 1
2
λ 21+w2(x, t)

)

ψ ,

(23)

where q,r,u,v,p1,p2,w1,w2 are matrices of corresponding dimensions, ζ is a constant.



The compatibility condition and the change of the variables x and t gives

iw1,t − ζ 2i(qr)x +[qr,w1] = 0,

−iw2,t − ζ 2i(rq)x +[rq,w2] = 0,

iqt +qxt+ ζ 2iqx +qr(q− iqx)+ (q− iqx)rq+w1q−qw2 = 0,

−irt +rxt− ζ 2irx +(r+ irx)qr+rq(r+ irx)+rw1 −w2r = 0.

(24)

The reduction r = q
† leads to w1 =w

†
1, w2 =w

†
2, and the coupled system of equations

iw1,t − ζ 2i(qq†)x +[qq†,w1] = 0,

−iw2,t − ζ 2i(q†
q)x +[q†

q,w2] = 0,

iqt +qxt +ζ 2iqx+qq
†(q−iqx)+ (q−iqx)q

†
q+w1q−qw2=0.

The reduction r =−q
† is also possible. If q = q is just a scalar we have the one-component integrable equation

iqt + ζ 2iqx + qxt ± 2|q|2(q− iqx)∓ 2ζ 2q∂−1
t (|q|2)x = 0. (25)

The integration operator ∂−1
t could be understood as

∫ t
−∞ dt ′, which leads to a hysteresis term in the equation. We

assume for simplicity that all functions are from the Schwartz class S (R) in x for all values of t. A non-local reduction

exists, r(x, t) =±q(−x,−t), (scalar functions). The equation is (only the −x and −t arguments are explicit)

iqt + ζ 2iqx + qxt ± 2qq(−x,−t)(q− iqx)∓ 2ζ 2q

∫ t

−∞

(

qq(−x,−t)
)

x
dt ′ = 0. (26)

One possible interpretation of (26) is a nonlocal (due to the "−x" dependence) non-evolutionary equation with hys-

teresis.

The inverse scattering for the spectral problem of the quadratic bundle of sl(2,C)−valued L-operators has been

described in [27]. The normalization of the associated RHP problem is canonical which facilitates the computations

leading to the soliton solutions.

MODELLING WITH HIGHER ORDER NONLINEAR SCHRÖDINGER EQUATIONS

From modelling point of view, the generalised NLS or Higher order NLS (HNLS) equations with applications in

nonlinear optics [35, 36] as well in water waves [37] and plasma [38] are usually written in the form

iqT + icqX +
1

2
qXX + |q|2q+ iβ1qXXX + iβ2|q|

2qX + iβ3q(|q|2)X = 0. (27)

where c, βi, i = 1,2,3 are, in general arbitrary real constants, depending on the physical parameters.

The integrable cases correspond to the following ratios (β1 : β2 : β3) : The DNLS I and II with (0 : 1 : 1) and

(0 : 1 : 0); Hirota [39] - with (1 : 6 : 0) and Sasa-Satsuma [40] - with (1 : 6 : 3). Nijhof and Roelofs [41] using the

prolongation method have proven that no other integrable cases in the form (27) exist.

For practical applications, however, there is usually a small parameter, ε, such that the quantities scale like q ∼ ε,
i.e. q → εq, T = εt, slow time, then t = T/ε and X = εx - slow space variable, where (x, t) are the original unscaled

variables. Therefore, the physical models leading to HNLS involve perturbative expansions like

iqt + icqx +
ε

2
qxx + ε|q|2q+ iε2

(

β1qxxx+β2|q|
2qx +β3q(|q|2)x

)

= O(ε3). (28)

Thus we can extend the set of integrable models by considering those, which admit the scaling as in (28), and we can

use the triples (β1 : β2 : β3) for some systematic classification of the models.

For example, the Fokas - Lenells equation [32],

iqt + icqx − ενqxt + εγqxx + ε|q|2q+ iε2ν|q|2qx = 0, (29)



where c,ν,γ are constants, can be transformed as follows. In the leading order, qt =−cqx thus we have

iqt + icqx+ ε(γ +νc)qxx + ε|q|2q = O(ε2),

qt =−cqx + iε(γ +νc)qxx + iε|q|2q+O(ε2)
(30)

Next we substitute qt from (30) in the qxt term of (29) to obtain

iqt + icqx + ε(cν + γ)qxx +ε|q|2q− iε2ν(cν+γ)qxxx − iε2νq(|q|2)x = O(ε3). (31)

In order to match (27) we need to choose cν + γ = 1/2, then

iqt + icqx+
ε

2
qxx + ε|q|2q− iε2 ν

2

(

qxxx + 2q(|q|2)x

)

= O(ε3),

hence the model is characterised by the ratio (1 : 0 : 2). The non-evolutional equation (25)

iqt + ζ 2iqx + qxt ± 2|q|2(q− iqx)∓ 2ζ 2q∂−1
t (|q|2)x = 0

with the upper sign is characterised by (1,−1,3) and ζ 2 =−2; with the lower sign - by (1,−2,6) and ζ 2 = 2.
For matching physical models (28) with arbitrary coefficients β1,β2,β2 to an integrable equation, one needs to

apply the method of Kodama transformations. For HNLS they are provided in [42].

CONCLUSIONS

The symmetric spaces approach provides a convenient setting for constructing and classifying multi-component in-

tegrable systems. The negative and rational flows lead to a number of new integrable nonlinear systems in non-

evolutionary form.

The spectral theory, inverse scattering, recursion operators, completeness of squared eigenfunctions, hierarchies

etc. remain to be studied in detail for the quadratic pencil of Lax operators. In particular, the completeness of the

squared eigenfunctions of a given Lax operator is a powerful tool for the description of whole hierarchy of NLEE and

their properties, so the negative flows outlined above as well as other members of the hierarchy should come out from

such description.

From the modelling point of view, the asymptotic expansions are important. Nonevolutionary integrable equations

could be asymptotically equivalent to evolutionary non-integrable (but physically important) equations.
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