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Two soliton interactions of BD.I multicomponent
NLS equations and their gauge equivalent

V. S. Gerdjikov!, G. G. Grahovski'*

Unstitute for Nuclear Research and Nuclear Energy
Bulgarian Academy of Sciences
72 Tsarigradsko chaussee, 1784 Sofia, Bulgaria
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Abstract. Using the dressing Zakharov-Shabat method we re-derive the effects of the two-soliton
interactions for the MNLS equations related to the BD.I-type symmetric spaces. Next we generalize
this analysis for the Heisenberg ferromagnet type equations, gauge equivalent to MNLS.
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INTRODUCTION

The multicomponent nonlinear Schrodinger (MNLS) equations related to symmetric
spaces [26, 4] and their gauge equivalent multicomponent Heisenberg ferromagnets
(MHF) systems have been extensively studied during the last decades. A number of
important results such as the spectral theory of their Lax operators [29, 27, 5] and
its equivalence to a Riemann-Hilbert problem [32, 30, 25, 18, 13, 7, 8, 23, 16], their
Hamiltonian structures and the theory of the relevant recursion operators are well known
by now [9, 10, 12, 15, 24, 19].

An important and still unsolved problem which we will address below is the analysis
of the soliton interactions for these MNLS. In [11] we used one the versions of the
dressing Zakharov-Shabat method to derive explicitly the two-soliton solution of BD.I-
type MNLS equations:

i +Gu+2G",9)3 — (G,50G)s0G" =0, (1)

and evaluated their asymptotics for t — oo,

For n = 3 one can recover MNLS equations describing BEC with spin F = 1 while
n =5 one recovers similar equations describing BEC with spin F = 2 [21, 17, 28]. The
Hamiltonians for the MNLS equations (1) are given by
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The classical results of Zakharov and Shabat about soliton interactions [35] were gen-
eralized for the vector nonlinear Schrédinger equation by Manakov [26]. For detailed



exposition see the monographs [32, 3] and also [1, 23, 31]. However the soliton interac-
tions for the MNLS related to symmetric spaces [4] remain an open problem. Below, for
the class of BD.I symmetric spaces we provide a tool for solving it.

The Zakharov Shabat approach consisted in calculating the asymptotics of generic
N-soliton solution of NLS for + — 4o and establishing the pure elastic character of the
generic soliton interactions [35]. By generic here we mean N-soliton solution whose
parameters ﬂtki = Uy £ iV are such that y # u; for k # j. The pure elastic character of
the soliton interactions is demonstrated by the fact that for 1 — 4-oo the generic N-soliton
solution splits into sum of N one soliton solutions each preserving its amplitude 2v; and
velocity . The only effect of the interaction consists in shifting the center of mass and
the initial phase of the solitons. These shifts can be expressed in terms of )vki only; for
detailed exposition for the scalar NLS eq. see [3].

It is well known also, that the Lax representation [L(A),M(A)] = 0 is invariant
with respect to the gauge group action [3]. The first nontrivial example is the gauge
equivalence between the nonlinear Schrodinger (NLS) equation and the Heisenberg
feromagnet (HF) equation.

Our aim in this paper is to rederive the result in [11] using an alternative version
of the dressing method. Here we follow the classical approach of Zakharov, Shabat and
Manakov developed first for the scalar NLS equation [35] and generalize it for the BD.I-
type MNLS. In the next Section we generalize these results for the gauge equivalent

HF-type systems:
as d 98
’az+ax(a5 (9x> )
where ad gX = [$,X], S = § and as a result (see [6])
_ 1
ady'X = 7 (5ads— ad?) X.

In the conclusions we outline possible extensions of these results.

PRELIMINARIES

It is well known that the MNLS (1) allows Lax representation. The inverse scattering

problem for the corresponding Lax operator can be reduced to a Riemann-Hilbert prob-

lem, see [32, 33] for the general case and [11, 12, 14, 17, 22] for the BD.I-type MNLS.
The MNLS equation (1) possesses Lax representation [L, M| = 0 as follows

Ly(x,t,A) = idy+(0(x,t)—AJ)y(x,t,A) =0. 4)
My(x,t,1) = idy+ (Vo(x,1)+AVi(x,1) — A2y (x,1,A) =0, 3)
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where
0o g' o0
Ox,t)=1 G* 0 sog |, J=diag(1,0,...0,—1). (7)
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Below we use the following definition of orthogonality: X € so(2r+1) if X +SoX TSy =
0 where

2r+1 0 1
So=Y (-D)""Eso k= 0 —so0 0 |, (Etn)ij = 6itOnj (8)
k=1 1 0 O

The soliton solutions can be derived by an appropriate modification [17] of the
Zakharov-Shabat dressing method [34]. Skipping the details we provide the dressing
factor for the N-soliton solution:

Au(x,r)  Bi(xt
u(x,t, 1) = 11+Z()L"X)L+ lkfxl,:)). )

The Lax operator L has a Z,-symmetry due to the fact that Q(x,¢) = Q' (x,¢). One of
the consequences of this symmetry is that the poles of the dressing factors must satisfy
A, = (A, )"; we also assume that Ax = L + iV is located in C, — the upper half of the
complex 7L -plane, i.e. v; > 0.

The residues of u# admit the following decomposition

Ap(x,1) = X (x,0)FL (x,1), Bi(x,1) = Yi(x,0)GL (x,1),

where all matrices involved for simplicity are supposed to be of rank 1 [33, 15]. For the
pure solitonic case the factors F; and Gy can be expressed by the trivial fundamental
solutions xoi (x,1,A) = e~ Hx+A0J corresponding to vanishing potential of L, as follows

Fl (x,1) = Floleg (0, A0 71, Gy (x,1) = G olxg (x,1, A7)
The constant vectors 2r + 1-component Fj o and Gy o obey the algebraic relations
T _ T _
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The other two types of vectors X (x,7) and Yy (x,¢) are solutions to the algebraic system
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The corresponding N-soliton solution can be recovered from u(x,z,A) using the
relation

Ons = %im A(J —udu " (x,t,1))

N (11)
= [J,ZAk+Bk .
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We also introduce the following more convenient parametrization for £ and Gy:

e—Zk—H(Pk
Fk(xvt) :S0|nk<x7t)> = _\/ESOka )
ezk_iq)k
oSk TPk (12)
Gr(x,1) = [ (x,1)) = | V2V5, |,
e U0k
where Vyy are constant 2r — 1-component polarization vectors and
zj=vi(e+2ut) +&ojy 95 = Mx+ (1] — Vi)t + doj, a3

<nJT~(x,t)]So\nj(x,t)> =0, or (VO7J'S0V07J') =1.

For |X}) and |Y}) one can derive a set of algebraic equations (see [11, 33]) which can be
easily solved. In particular for N = 2 we get:
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Z(x,1) = - L4 ,
(1) (l)tj—)tlﬂz A=A Aviv (15)

Kij(et) = (nf|n;),  fij(x,0) = f(x1) = (ni|Soln;).

Inserting this result into eq. (11) we obtain the following expression for the 2-soliton
solution of the MNLS [11]:

Ose (1) = oA +As+ By + By = - Cx1) S0 (1)),

K22 K | K21
Clxt) = g lm) ] = ) s = 357 o) o (16)
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Similarly one can derive the N-soliton solutions.



Next we can calculate the asymptotics of the 2-soliton solution [11] along the trajec-
tory of the first soliton. To this end we keep z; (x,?) fixed and let T = 75 — z; tend to +eo.
This is possible if @) # o, i.e the two solitons have different velocities. For definiteness
we assume that i, > Uj.

Therefore it will be enough to insert the asymptotic values of the matrix elements of
M for T — o0 and keep only the leading terms:

Koo >~ et eXp(:i:V2Z1/V1) +2C,
K12 = eifexp(:lz(l + V2/V1)Z1 :i:i((])l — (])2)) + O(l),

: (17)
Kot = e Texp(£(1+ va/vi)z Fi(¢1 — ) + O(1),
fiz =eTexp(F(1—va/vi)z1 £i(¢1 — $2)) + O(1),
After somewhat lengthy calculations we get:
1im Gos(x, 1321, 22391, 02) = Grs (6, 1521 + 74, 01 — ),
. - (18)
TE@MQ2S(X,I;Z1,Z2;¢1,¢2) =qis(x,1;21 —ry, $1 + 0 ),
where ¢ ; is the one-soliton solution
iV2vie 10 (62150 Vgy ) 4 €91 |V
é‘ls(x’t;zl’q)l):_ \/_ 1 ( O‘ 01> ’ 01>)’ (19)
—»T —
COSh(ZZl)—f— (V017V01)
and the shifts of its arguments
At A At A
rp=In|1—2 | o, =arg 1 —2. 20

are expressed in terms of the discrete eigenvalues A ji only.

THE TWO SOLITON INTERACTIONS REVISITED

We will re-derive the above results by using an alternative version of the dressing method
[32, 33, 34]. Here we will apply another version of the dressing method, namely we
will do the dressing in two steps, each time adding just one pair of eigenvalues lji to
the discrete spectrum of L. Obviously the two-soliton solution can be obtained in two
different ways:

qu;A:uzl()@l,)&)ul(x,t,k), U2s;B :ulyz(x,t,l)uz(x,t,l), (21)
where
—1 ] A _;L]+
uj(x,t,l):]1+(Cj(7t)—1)Pj+(Cj (A)—l)Pj, Cj(l):l_ll_a
J
: (22)
|nj><”j| 5 T
Pj(x,t): Pj:SOPj So,

—7
(nf|nj)



and
w1 (x,0,A) = L+ (c2(A) = P21 + (e; ' (A) = )Py,

) - (23)
ur2(x,0,A) =+ (c1(A) = P12+ (¢ (4) = 1Py,
Here ; ;
m){(n n;){n
P271(X,t)=| 2.}.>< 2|7 P172(X7t):‘ 1T>< ]’,
(n,[ny) (ny|ng) (24)
Iny) = us(x,2,A;")|n1), o) = uy (x,2,457)|n2),
where
_ + K21 PP f12 ¢ (s
[0) = 1)+ (e2(A)7) = 1)~ fn2) + (e (A7) = 1)L =Soln3),
22 K22
K
) = In2) + e () = D22 ) + 6 (0 - DIy, 29)
4vyv 4vv
¥ 1V2 ¥ V2
n,np) = Z, n,np) = Z.
mn) = “22Z. (affn) = =2
The limits for T — +oo are given by:
uj(x,t,A) =exp(Inc;(A)(P;(x,t) —Pj(x,t)),
cj(A) 0O 0
Ci(A) = limuj(x,t,A) = 0 1 0 , (26)
e 0 0 cjfl(/l)

. ~1
xg@muj(x,t,l) =C; (A),

After all these calculations one is able to show that in fact us.o = uos:B, i.€. the result
of dressing is independent on the order in which one adds up the pairs of eigenvalues to
the discrete spectrum of L. The corresponding two-soliton solution is given by:

= A —ANDVP =P+ (A = A7), Py — Py 27)
= (A =AU P =P+ (A7 A", P~ P).

These two results are behind the nonlinear superposition principle for the Béacklund
transformations [2, 19].

Let us now calculate the limits of upg.(x,7,4) for z; fixed and ¢ tending to 4o and
—oo. In this way we will find out what is the effect of the second soliton on the asymptotic
behavior of the first one. One can easily check that:

t+ 501\/1 - 502\’2. (28)

V2
=Y o —
= at 2 (M2 — 1) "

Therefore, since yp > 1 and v, > 0, z; and ¢ tend simultaneously to +oo (resp., to —oo).
To be more explicit we slightly change the notation for the one-soliton dressing factor



and write it down showing explicitly the relevant soliton parameters:
Mj(x,l‘,l):LtlS(l;Zj,Q)j,voj?A;—). (29)

In this configuration the second soliton moves with velocity u; and for t — —oo (resp. for
t — —oo) is behind (resp. outstands) the slower first one. The corresponding asymptotic
values for the dressing factors are:

im uogp = urs(Asz1 — 4, 01 + 04, Vor, A1) Gy (A,
lim ursp = us(A;z1 +rq, ¢1 — oy, Vor, A )Ca(R),

where r; and o are given by eq. (20). Inserting these limits into eq. (27) and taking
into account that C;(A) commutes with J we get:

Tlirfl 0Oy = lim lim A (J— uzs;BJuzs;B(x,t,l))

Tﬂ*‘x’l*)oo

= Q1s5(z1 — r4, 91+ Q45 Vo1) (31)
lim Ops = Qis(z1 +r+, 01 — 05 Vor).

Thus we have rederived the eqgs. (18) and established that soliton interactions for the
BD.I-type MNLS are very much like the the ones for the scalar NLS. The effect of the
interaction is just shift of the relative center of mass and relative phase. The polarization
vector Vy; does not change its direction.

Obviously, we can repeat the calculation using usg:a (x,7,4) and considering the limit
for fixed z;. In this way we establish that the second soliton experiences opposite shifts
in the relative center of mass and relative phase.

THE GAUGE EQUIVALENCE

Here we start with a brief description of the Zakharov-Shabat system in pole gauge [33]

Lo, A) = i‘i—"’ CAS(e ) U, A) = 0, (32)
X
where
S(x,t) =Adg-J =g Jg(x,t),  J=diag(1,0,...,0,—1), (33)

i.e. $% = S and the gauge group elements g(x,7) = y(x,t, A = 0) and satisfy the equation:

(i% + Q(x,t)) g(x,1) =0.

The second Lax operator takes the form:

1 (x,t,A) = ia;—l;/— (iradg'S,+A%S) §(x,t,A) = 0. (34)



Thus the compatibility condition [L(4),M(A)] = 0 gives the multicomponent HF type
(3) related to BD.I-type symmetric spaces.
The direct scattering problem for the Lax operator (32) is based on the Jost solutions

and the scattering matrix 7'(A):

lim §(x,A)e*™ =1, lim ¢(x, M) =1, T(A)=(¥(x,1))"'d(xA). 35)
X—00 X— —o0
The fundamental analytic solutions(FAS) ¥*(x,A) of L(2) are related to the Jost solu-
tions by [32, 18]

X (nA) =9 (x, 1)§5(2) = (x,)TT(A)D*(2), (36)

where T7*(1) and ST(A), D¥(A) are elements of the corresponding Lie group and
are factors in the generalized Gauss decomposition of the scattering matrix: 7(1) =
T=(A)DT(A)ST () =TH(A)D~(A)S~ (). Here the superscript “+” (resp “—") stays
for denoting upper-triangular (resp. lower-triangular) matrices for the Gauss factors
S*(A) and T*(A) while the matrix elements of the block-diagonal matrices D*(A) are
analytic functions of A for ImA > 0 and ImA < O respectively.

On the real axis 7" (x,A) and ¥~ (x,A) are related by 7" (x,A) = ¥~ (x,A1)Go(A),
Go(A) = S~ (A)S* (1), and the function Go(A) can be considered as a minimal set of
scattering data in the case of absence of discrete eigenvalues of (32) [32, 18].

The FAS ¢ for the MNLS systems on symmetric spaces of BD.I-type are related to
the FAS v for the corresponding gauge equivalent MHF systems as follows:

P(x,A) =g@)wx,A)g7!,  0(x,A)=gx)w(x,A)g"", (37)

where
gx)=9¢(x,A=0),  g+= lim g(x)

X—rdoo

We request that g+ be diagonal matrices. Then, for the corresponding set of scattering
data for the MHF systems and their gauge equivalent MNLS ones we get:

T(A)=gT(A)g"", T*(A) =g+ T*(M)g: ", 38)
SH(A) =g-S*(A)g”", D*(A) =g+D*(A)g”!
Similar formulas hold for the renormalised FAS:
1 A) =g (A)g-". (39)

The dressing method proposed by Zakharov and Shabat [34] can be naturally extended
also to the gauge equivalent systems. It allows one starting from a FAS 6(%) (x,A) of

L with potential S to construct a new singular solution é(jlt) (x,A) with singularities
located at prescribed positions /’L]i. Then the new solutions Eat) (x,A) will correspond to

a potential S(;) of L with two discrete eigenvalues 7Lli. It is related to the regular one by
the dressing factors #(x, 4):

&) =a(x &5 (xA)a— (), a-(A)= lim a(x,), (40)

1) X——o0



The one-soliton gauge equivalent dressing factors ii(x,A) are related to those for the
‘canonical’ gauge u(x,A) by

i(x,A) = u! (x,A =0)u(x,1)g(0)

N L

where Pj(x,t) and Pj(x,t) are the same rank 1 projectors used above. The dressing
factors of the gauge equivalent MHF equations in the pure solitonic case satisfies the
equation:

,fl_”_,mls(x £)ii(x,1,A) + Adi(x,1,A)J =0, (42)
X

and as a consequence the projectors Py satisfy the equations:
dP
l—l—f—l PJ— l Sls(x l‘)Pl =0,
dx
dPy 43)
ia —I—AIJFP]]— lfS]s(x,l‘)p] =0,

The "dressed" one-soliton potential can be obtained by:

A=A d

Si(t) = J
bot) =

(Pl(x l) Pl(x,t)). (44)

The dressing factor can be written also in the form:

i(x,t,A) =exp [ln (%) p(x,t)] , (45)

where p(x,t) = P, — P; € g and consequently ii(x,7,A) belongs to the corresponding
orthogonal group.

One can construct an N-soliton dressing factor iins(x,7,A) in analogy with eq. (9).
Then the corresponding N-soliton solution of MHF equation will be given by:

i di
Sns (x,1) = lim ( l ;‘NsaNsl + finsJ i, (x,t,?t)) : (46)

TWO-SOLITON INTERACTIONS AND GAUGE EQUIVALENCE

For the pure solitonic case g(x,7) = u(x,r,A = 0). Using the explicit expressions for
the asymptotics of the two-soliton dressing factors of MNLS it is not difficult to derive
the corresponding asymptotics for the two-soliton solutions of the gauge equivalent HF
equation.



We first write down the 2-soliton dressing factor for the MHF equation as follows:

= uz_l(x,t,l = O)ul_é(x,t,l = 0)ui2(x,2,A)uz(x,2,1)

—uy (x,1,A =0) (n + (M - 1) (ﬂ - 1) Pl,z) w(x,1,1).

CI(O) Cl(l)

(47)

Next we make use of eq. (30) and obtain the following result for the large time asymp-

totics of iips.g With fixed z;:

lim dips. = Cooil1s(A;21 —r+,¢+a+»{’)01al1+)cz_l()')a

T— —00

lim s p = Cag its(As21 + 14,0 — 06, Vo1, A )Ca(A),

where

A" A
Cao = Co( = 0) = diag (A,u,—z),
Ay A

and like in eq. (30) above we use notation with soliton parameters:

1/715<A«;Z1,¢,V01,A«1+) — ul_sl (.X,t,l - O)MIS(x7t7)’)

1 (Clw —1) P+ <C1(0) —1) A

C1 (0)

Next we insert eq. (48) into eq. (44) and get:

c1(A)

lim SQS()C,I) = CZOSls(ZI —re, 0140, ?101)C2_01

T— —o0

:Sls(Zl _r+7¢1 +(~X+7v01)7
TIEEOSQS(x,t) = Cyo Sts(z1 + 74,01 — &, Vo1 )Cao

= Sis(z1+ 74,91 — 0y, Vor),
where

- </11+—7Lz+/12‘

0, —arg [ 1—2 "2 ) =q, —2arg ;.

(48)

(49)

(50)

(5D

(52)

Thus we have shown that the gauge transformation affects the soliton interaction by
changing the relative phase shift. The relative center of mass shift is gauge independent.

CONCLUSIONS

Using the explicit form of the N soliton solution for the scalar NLS they calculated
explicitly their asymptotics along the soliton trajectories in the generic case, when the



solitons move with different velocities. The important result consists in the following: 1)
the N-soliton interactions are purely elastic and always split into sequences of elemen-
tary 2-soliton interactions; ii) the effect of each 2-soliton interaction consists in shifts of
the relative center of mass and relative phases of each of the solitons; iii) there are no
non-trivial 3-soliton interactions. Finally, the soliton interaction for the gauge equivalent
HF equations has the same character. The only effect of the gauge transformation is to
modify the phase shifts of the solitons.
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